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Critical metrics for the determinant of 
the Laplacian in odd dimensions 

By K. Okikiolu* 
Abstract 

Let M be a closed compact n-dimensional manifold with n odd. We 
calculate the first and second variations of the zeta-regularized determinants 
det'A and det L as the metric on M varies, where A denotes the Laplacian on 
functions and L denotes the conformal Laplacian. We see that the behavior 
of these functionals depends on the dimension. Indeed, every critical metric 
for ( — l)("^-'^)/^det'A or (— det L\ has finite index. Consequently there 
are no local maxima if n = 4m + 1 and no local minima if n = 4m + 3. We show 
that the standard 3-sphere is a local maximum for det'A while the standard 
(4m + 3)-sphere with m = 1, 2, . . . , is a saddle point. By contrast, for all odd 
n, the standard n-sphere is a local extremal for det L. 

An important tool in our work is the canonical trace on odd class operators 
in odd dimensions. This trace is related to the determinant by the formula 
detQ = TRlogQ, and we prove some basic results on how to calculate this 
trace. 
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1. Introduction 

In this paper we prove several results about critical metrics for the deter- 
minant of the Laplacian. One of our main analytic tools is the canonical trace 
on odd class operators, and we also present here some basic results on how to 
compute this trace. In Section 1.1 we give a brief introduction to the deter- 
minant of the Laplacian, in Section 1.2 we state results on the canonical trace 
and in Section 1.3 we state the results on critical metrics for the determinant 
of the Laplacian. 

1.1. The determinant of the Laplacian. Let M be a smooth compact re- 
dimensional manifold without boundary, let y be a Riemannian metric on M 
and let A : C°°(M) ^ C°°(M) be the (positive) Laplacian for the metric g. 
The conformal Laplacian is 

n - 2 



L = A. + aS, a 



4(n - 1) ' 



where S denotes the scalar curvature. We will define the zeta regularized de- 
terminants det-L and det'A. 

Let B : C°°{M) —>■ C°°{M) be a second order elliptic differential operator 
which is bounded below, with eigenvalues 

Ai < A2 < . . . 

counted by multiplicity. Define 

(1.1.1) z{s) = z{B,s) = j2^r 

where the branch of A* is chosen so that A* > when A > and s G R. The 
sum in (1.1.1) converges for 3fis > n/2 by Weyl's law, and can be analytically 
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continued to a meromorphic function on C which is regular at s = 0; see [S]. 
When B is invertible, define 

(1.1.2) detB = e-^'(o), 

which is formany equal to the product of the eigenvalues of L. When B is not 
invertible, define det B = and 

det'B = e-^'(o). 

For some general theory of zeta-regularized determinants, see [BKFl], [BKF2], 
[Fol], [Fo2], [Fo3], [KV], [Okl], [Ok2]. 

The zeta regularized determinant of the Laplacian was introduced in [RS] 
in connection with topology, and the idea was then taken up by physicists 
in order to formally evaluate Gaussian functional integrals. In particular 
A. Polyakov applied dct'A on compact surfaces to string theory. A few years 
later, B. Osgood, R. Phillips and P. Sarnak studied the determinant of the 
Laplacian on surfaces and investigated its applications to spectral geometry, 
see [OPSl], [0PS2], [0PS3]. 

Theorem [OPSl]. If M is a closed surface then of all metrics in a given 
conformal class and of a given area, the uniform metric has the maximum 
determinant. 

Remarks. 1. All metrics on the 2-sphere are conformally equivalent and so 
among all metrics on the 2-sphere of area Att, the standard 2-sphere maximizes 
the determinant of the Laplacian. This special case of the result was first 
proved by Onofri [On]. 

2. In [0PS2], the functional log det' A is used to prove that the space of 
isospectral metrics on a surface is compact in the smooth topology. 

In higher dimensions, the functional det L has been studied by T. Branson, 
A. Chang, M. Gursky, B. Orsted, J. Qing, P. Yang and others; see [BOl], [B02], 
[BCY], [CY], [CQl], [CQ2], [CQ3], [Gur]. 

Theorem [CY]. For the following cases of A- manifolds M, the standard 
metric is a global maximum for det L among metrics in the same conformal 
class and with the same volume: 

5^, CP^, X R^/r for any lattice T, x H^/F for any lattice F, 
CH'^/T for any lattice F, E x 5^ with E hyperbolic and those Kdhler- Einstein 
surfaces which are not locally symmetric. 

Here, we collect some extremal properties of spheres for the functionals 
det' A and detL. The results can be found in [On], [Ri], [BCY], [Br]. 
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standard 


extremal type 


for 


among metrics fixing 


proved by 




global max 


det' A 


area 


Onofri 




local max 


dct' A 


volume + conformal class 


Richardson 




global min 


deti 


volume + conformal class 


Branson- Chang- Yang 




global max 


detL 


volume + conformal class 


Branson 



Remarks. 1. Notice that whether 5" is a maximum or a minimum for the 
conformal Laplacian under conformal deformation depends on the dimension. 

2. In odd dimensions, det L is constant on each conformal class. 

3. A. Chang and J. Qing studied detL for manifolds with boundary. In 

particular in [CQ2] they consider the conformal Laplacian on the unit ball 
in with Robin boundary conditions on S'^, and show that for metrics in the 
conformal class of the standard metric on B'^ with fixed volume, the standard 
metric is extremal for det'L. 

An important tool in proving the 2-dimcnsional results and the results 
involving det L is an explicit formula for the variation of log det L under con- 
formal variations of the metric qq which is computable from the local data 
go and ^(O); see [OPSl], [BOl], [Ok2]. On surfaces this is the Polyakov-Ray- 
Singer variation formula. Suppose that go is a fixed metric on the surface M. 
Let g = e^'f'go be a conformal metric. Here, is a smooth function on M. Write 
Aq, a for the Laplacians in the metrics 9 respectively, so that A = c^^'^^Aq. 
Then 

logdet'A - log det' Ao = -^{\ / |Vo<^pd^o + / Ko(j)dAo 

OTT \2 Jm -Jm 

+ log A - log^o 

where Vq is the gradient, dAo is the area element, Kq is the Gaussian curvature 
in the metric ^'^d A, respectively Aq, is the area of M in the metric g, go. 
These quantities can be computed from go and 4). In dimension n > 2, there 
is no such formula for det'A under conformal variations, or for det L or det'A 
under general variations, which is why these situations have been studied less. 
Next we state two results that deal with these situations. 

Theorem [Ri]. Let go be a metric on a compact closed 3-manifold. If 
go is a critical point of det'A for metrics in the conformal class of go with 
the same volume, and if —Z{l)\i > 5, then go is a local maximum for det'A 
among metrics in this class. The standard metric on the cubic torus is an 
example of such a metric go. 
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Remark. The standard metric go on the 3-sphere does not satisfy the 
condition —Z{l)Xi > 5, but Richardson dealt with this case separately. 

Theorem [Chi] . The determinant of the Laplacian on the space of fiat 
3- ton of volume 1 has a local maximum at the torus corresponding to the face- 
centered cubic lattice. 

For a Riemannian surface, the functional, 

F = logdet'A - (l-^^^^logA, 

is homogeneous of degree zero, where x{^) is the Euler characteristic of M. 
Osgood, Phillips and Sarnak noticed that if the metric is constrained to vary 
within a conformal class then the gradient flow for F is equal to the Ricci flow. 

^ = gradF = -{K-K)g 

where K is the Gauss curvature and K is the average curvature 

K=^ [ KdA. 
AJm 

This flow was studied by R. Hamilton and B. Chow. 

Theorem [Ha], [Cho]. Given any initial metric on the closed compact 
surface M, the Ricci flow exists for all time and converges to a metric of 
constant curvature. 

1.2. The canonical trace. We summarize the theory of the canonical trace. 
Let M be a closed compact n-dimensional manifold with n odd, and let E be 
a complex A'^-dimensional vector bundle over M. Write C(iV) for the complex 
N X N matrices. Let Q : C°°{E) —>■ C°°{E) be a poly homogeneous pseudodif- 
ferential operator. Choice of local coordinates identifies a local trivialization 
of E with CI X where Q C M", and the symbol of Q has an expansion of 
the form 

(L2.1) qix,0 ~ qdix,0 + qd-iix,0 + 1^1 ^ oo, 

where q, qj are C(A'')-valued functions on Q with qjix,t£,) = t^qjix,^) for 
t > 0. The Schwartz kernel K{Q, x, y) of Q is smooth away from the diagonal. 
If d < — n then Q is trace class, K{Q,x,y) is continuous across the diagonal, 
and the trace of Q is given by the formula 



trace Q = / trace K{Q,x,x). 
Jm 
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When d > —n, K(Q, x, y) blows up at the diagonal and K{Q, x, x) and trace Q 
are undefined. Substitutes for these quantities can often be defined by embed- 
ding Q in an analytic family of operators Q{z) and then analytically continuing 
K{Q(z),x,x) and tiSkceQ{z). 

Remark. Write A for the bundle of smooth densities on M. Away from 
the diagonal, K{Q,x,y) is a smooth section of tt'IE ® vr|(£'* A) where 
TTj : M X M —>■ M is the projection onto the i^^^ factor. When d < —n, 
K{Q, X, x) is a smooth section of E ® E* iS> A, which is a bundle over M. If 
we fix local coordinates {x^,... on M then we can identify the density 
a{x)dx^ . . . dx"' with the function a(x), thus trivializing A. If we also fix a local 
trivialization of E, then K(Q,x,x) is identified with a C(iV)-valued function 
of the coordinates. 

Let B : C°°{M) C°°{M) be a positive self-adjoint elliptic diflFerential 
operator of order /3 > 0. For x G M and « 0, 

K{QB^/>^,x,x) 

is well-defined. It extends to a meromorphic function with simple poles. The 
Guillemin- Wodzicki residue density of Q is the section of £^ (8> -E* (g) A given by 

RESD(Q,x) := res x, x) 

where the notation res \™^^f{z) means the residue of the analytic continuation 
of f{z) at z = zq. It is independent of the choice of B and can be computed 
in local coordinates from the symbol: 

(1.2.2) RESD(Q,x) = I / q.n{x,0d(Tn-i{0] d^- 

(27r)" VAiei=i} J 

Here, the sphere |^| = 1 is defined with respect to any metric on M, and dan-i 
is surface measure on the sphere; see [Gui] , [Ka] , [Wo] . Define 

RESQ := res|™i|j trace Q5^/^ = [ trace RESD(Q, x). 

Jm 

In fact the family QB^^^ can be replaced by any analytic family Q{z) where 
Q{z) has degree d + z and Q{0) = Q. Prom (1.2.2) it is clear that for the 
following classes of operators, the local residue vanishes identically. 

(a) Trace class pseudodifferential operators (that is, operators of order less 

than — n) 

(b) Operators of nonintegral degree 

(c) Odd class operators (defined below). 
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Definition 1.2.1. Let q € C°°(]R" \ 0, C(A^)) be homogeneous of degree j. 
Then q has regular parity if 

(1-2.3) q{-0 = i-iyq{0, 

and has singular parity if 

(1-2.4) qi-0 = {-iy+'q{0- 

Now suppose that q has an expansion 
(1.2.5) 

qiO ~ QdiO + Qd-iiO + ^^oo, qj{tO =t'qjiO, t>0. 

Then q has regular, respectively singular, parity in ^ as ^ — > oo if all of the 
homogeneous functions qj have regular, respectively singular, parity. Notice 
that polynomials have regular parity. 

Suppose that the dimension n is odd. The odd class operators Q are 
those classical pseudodifferential operators for which the symbol q{x,^) has 
regular parity in ^ as ^ ^ oo. Such operators Q are also said to satisfy 
the transmission property. The odd class operators on E form an algebra 
containing the differential operators and inverses of invertible elliptic operators. 

In the cases (a), (b) and (c), it can be shown that 

(1.2.6) KERD(Q,x) := K{QB'/P ,x,x)\'^^l 

is independent of B, and hence the canonical trace 

TRQ := traceQB^/^|"^Q = / trace KERB (Q, x) 

J M 

is independent of B. In fact the analytic family QB^^^^ in (1.2.6) can be 
replaced by any analytic family Q{z) where Q{z) has degree d + (5(0) = Q, 
and the symbol q{z) of Q{z) has the expansion 

q{z){x,i) ~ qd{z){x,C) + qd-i{z){x,C) + 
where qj{z){x,£,) is homogeneous in ^ of degree j + z and 

g,(z)(x,-0 = {-iyqj{z){x,0- 

The canonical trace was introduced by M. Kontseivich and S. Vishik who 
verified some basic properties; see [KV]. 

(A) If Q is trace class then KERB((5, x) = K{Q, x, x) and so TRQ = trace Q. 

(B) If n is odd and 5 is a differential operator then KERB(5, x) = and so 
TRd = 0. 

(C) If Q, R and [Q,R] are in class (a), (b) or (c), then TR[Q,R] = 0. 
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It is possible to calculate KEKD{Q,x) from K{Q,x,y) without making 
an analytic continuation. In the case when d is nonintegral this was shown in 
[KV]. Here we will show how to do it in the more delicate case when Q is odd 
class. Wc make a splitting Q = Qreg + Qsing with Qreg smoothing, so that the 
following result holds. 

Theorem 1.2.2. 

(1.2.7) KERD(Q,x) = K{Q,eg,x,x), 
If d is a differential operator on E then 

KERV>{dQ,x) = 5^i^(greg,x,y)|^^^, TR5g = TR9greg. 

The splitting Q = Qreg + Qsing is made by examining the asymptotic 
behavior of the Schwartz kernel K{Q, x, y) of Q close to the diagonal, and 
separating the regular terms from the singular terms. The operator Qsing is 
what we call purely singular, a concept which we now define. 

Definition 1.2.3. (a) Let q[£^) be a tempered distribution on M" which is 
homogeneous of degree j. Then q has regular parity if it satisfies (1.2.3) on R" 
in the distributional sense, and has singular parity if it satisfies (1.2.4) in the 
distributional sense. 

(b) Suppose S and Sj are C(iV)-valued tempered distributions on for 
J = d, (i+ 1, . . . , and suppose Sj is homogeneous of degree j on M" and smooth 
away from the origin. We write 

S{w) ~ Sd{w) + Sd+i{w) + w-^O, 

if 

(1.2.8) S{w)-Sa{w) Sj{w)\ 

(c) If S satisfies (1.2.8), we say that S has regular parity, respectively 
singular parity, in u) as w ^ if every Sj has regular parity, respectively 
singular parity in w. 

(d) When n is odd, the odd class pseudodifferential operator Q is purely 
singular if the Schwartz kernel in local coordinates has the form K{Q,x,y) = 
S{x, X — y) where S{x, w) has singular parity in u; as ii; — >• 0. In particular 
differential operators have singular parity. 

It is easy to show that the Schwartz kernel of an odd class operator Q can 
be split in local coordinates as 



TRQ = TRQ, 



K{Q,x,y) = R{x,x-y) + S{x,x-y) 
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where R is smooth and S{x,w) has singular parity as w ^ 0. The operator 
Qsing is formed by patching together the kernels S{x,x — y) corresponding to 
different coordinate charts, and the result is a purely singular operator. It 
will be shown that the canonical trace of any purely singular operator van- 
ishes, which leads to Theorem 1.2.2. The details of this argument are given in 
Section 2.2. 

Example 1.2.4. For the Laplacian on 5^, the eigenvalues are k{k + 2) with 
multiplicity {k + 1)^. Explicit calculation gives 

- -er 3 



TRA-1 = Z(l) = ^ + 



4 



{k{k + 2)y 

On the other hand writing (i/X3 for surface measure on normalized to total 

volume 1, and r for the distance between points x and y on 5^, the Schwartz 
kernel i^(A~^,x, y) has the form G{r)dji^{y) where G satisfies the differential 
equation 

s\T?r—Gir) = 1, / Gir) SIT? r dr = 

dr Jo 



sin^ r dr 
The solution is 



_ (t^ — r) cos r 1 



TRA-l = / Greg(0)dM3 = Greg(O) 



2 sin r 4 

The regular part and singular parts for r small are given by 

, , r cos r 1 n f \ ^ 

2smr 4 2smr 
and so by Theorem 1.2.2, 

3 

'53 - - 4' 

We sec that these two calculations agree. 

Next we state a small technical lemma which we need in order to describe 
our second result on computing the canonical trace. 

Lemma 1.2.5. (a) If n is odd and q{^) G C°°(M" \ 0) is a smooth homo- 
geneous function on M" \ o/ degree d G Z and regular parity, then there is a 
unique homogeneous distribution with regular parity on which equals q on 
M"\0. 

An important consequence of this lemma is that it gives a canonical way 
to multiply together the kernels of two odd class operators. 

For an integrable function q, define the Fourier and inverse Fourier trans- 
forms of q by 
(1.2.9) 

q{w) = [ g(Oe-™-«de, qiw) = -i- / g(0 e™'^ = 77^q{-w). 
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This definition extends to tempered distributions on M". For a symbol q{x,$,), 
define q{x,w) and q{x,w) to be the Fourier and inverse Fourier transforms 
respectively in the second variable. We state the following theorem for vector 
bundles since we will need this generality in applications. However, it can be 
easily deduced from the scalar case. 

Theorem 1.2.6. (a) Suppose that E-i ^ M, i = 0,1,2,3 are vector 
bundles over M, that A G C°^{E2 ® E^) and Q : C^{Eq) C°°{Ei), 
P : C°°(£^2) C^{E^) are odd class pseudodifferential operators. Then 
S ■.C°°{E2®El)^ C°°{E3 (g) A) defined by 

SA{x) = KERB{P AQ,x) 

is a classical pseudodifferential operator whose Schwartz kernel is 

K{P,x,y)®K{Q,y,x). 

(b) // ordP = a and oidQ = [3 and a, (3 > —n, and the principal symbols 
of P and Q are Pa and qp respectively, then the principal symbol of S is 

(1.2.10) s{x,0 = {Pa^q'f3)''{x,O^T^*iE3^E*0Ei®E*), 
where g^(x,^) = g^(x, — ^) and tt : T*M M is the natural projection. 

Remarks. 1. The definition of odd class operators acting between two 
different vector bundles over M is identical to that given in Definition 1.2.1 for 
operators acting on a single vector bundle. 

2. To define the tensor product of distributions K{P,x,y) ® K{Q,y,x), 
decompose P = Preg + -Psing) Q = Qreg + Qsing- Now the products 

K{P,eg, X, y) (g) KiQr-eg, y, x), 
K{Preg, X, y) (g) i^(Qsmg, y, x), 

K{Psmg, X, y) ® K{Qreg, y, x) 

are well-defined, being products of distributions with smooth functions. The 
problematic term is 

(1.2.11) K{Psing, X, y) K(Qsmg, y, x). 

This is well-defined as a smooth function away from the diagonal, which in 
local coordinates has regular parity m. x — y ss y ^ x. By Lemma 1.2.5, 
this extends uniquely over the diagonal to a regular parity distribution, which 
we take as the definition of the product in 1.2.11. More explicitly, there is a 
polyhomogeneous expansion in local coordinates. 



K{Ps\ng,x,y) = S{x,x -y), S{x,w) ~ Sa{x,w) + Sa+i{x,w) + . . . , 
K{Qsing,y,x) = T{x,x -y), T{x,w) ^ Tfj{x,w) + Tp+i{x,w) + . . . , 



DETERMINANT OF THE LAPLACIAN 



481 



which leads to an expansion for the product of the functions S{x, w) and 
T[x, w) away from w = 0, 

S{x,w)(glT{x,w) ~ Pa+(3{X,W) + Pa+/3+l{x,w) + Pj = ^ Sk^T^, 

k+e=j 

so that Pj{x,w) is homogeneous of degree j in w. The difference 
S{x,w) ® T{x,w) — Pj{x,w) 

j<-n 

is an integrable function and each of the terms Pj{x, w) is homogeneous of reg- 
ular parity and hence extends to a regular parity distribution in w by Lemma 
1.2.5. The fact that this extension is independent of coordinates follows from 
the fact that the property of being a regular or singular parity distribution is 
invariant under a change of coordinates, which is proved in Section 2.2. 

In Section 5.1, we present some additional results concerning the calcula- 
tion of the canonical trace for certain operators on spheres. 

1.3. Critical metrics. We begin with a result describing the behavior of 
det'A and dct L in the neighborhood of a general critical metric when the 
dimension n is odd. The result states roughly that every critical metric has 
finite index. 

Write Ai for the space of metrics on M. The tangent space Tg^M. at the 
metric go is the space C°°{S^T*M) of smooth symmetric (0, 2) tensor fields on 
M. Some basic theory of the space M can be found in [Eb]. 

For the most part, we will work in a frame which is orthonormal with 
respect to a fixed metric go. At each point x G M, take an orthonormal basis 
ei, . . . , Cn for the tangent space T^M. Unless otherwise stated, the components 
of tensor fields are given with respect to this basis, with all indices written as 
subscripts. Covariant derivatives in the directions ei,ej etc. will be denoted 
by Di,Dj etc. or by the use of subscripts. For example, if ^ G TgQ^4, then 

Aij,ke = DiDkAij = {D'^A){ei,ej,ek,ei). 

In this notation, the metric go is the (0,2) tensor field Sij. We use the sum- 
mation convention that any repeated index is summed over. Write d/ig for the 
normalized canonical volume element for the metric go, with normalization 
fio{M) = 1. The space Tg^M has a scalar product 

(a, 6) = / Qijbij duo. 
Jm 

The group of diffeomorphisms of M acts on in a natural way; if 
ip : M ^ M is a diffeomorphism then ip{go) is the pull-back {ip~^)*go- We 
denote the orbit of go by Diff (yo)- Then det'A is constant on this orbit because 
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every metric g G DiS{go) is isometric to go and hence isospectral to go. Write 
diff(go) for the tangent space of Diff(^o) at ^o- This space contains tensor 
fields on M of the form Xij + Xj^i where X is any 1-form. The perpendicular 
space diff((7o)"'" contains divergencc-frcc fields, that is, fields of the form Aij 
with Aij J = 0. Write Conf(5'o) for the space of metrics conformal to go- As we 
have already remarked, in odd dimensions detL is constant on Conf(g'o)- Let 
conf(^o) be the tangent space to Conf(5o) at go, which contains tensor fields 
on M of the form (pSij where (/> is a smooth function on M. It can be proved 
using elliptic regularity theory that we have splittings 

Tg,M = diff(ffo)ediff(ffo)^, 

Tg,M = diS{go) + conf (50) © (difr(5o) + conf (50))^ , 

where for a subspace V of Tg^M., V-^ is the orthogonal complement of V in 
Tg^Ai. Since det'A scales like V'^^^ where V is the volume, it is computation- 
ally simpler to work with the functional 

2 

F = log det'A logF 

n 

which is homogeneous of degree zero under scaling. The metric go is critical or 
maximal for det'A under deformations which preserve the volume if and only 
if it is critical, respectively maximal for F under all deformations. 

Theorem 1.3.1. Suppose the dimension n>S of M is odd and let go be 
critical for F. Then 

Uess F{X,Y) = 0, for all X edm{go), YeTg^M. 

Moreover, HessF restricted to the subspace (diff (^o))"*" of Tg^M. has at most 
finitely many nonpositive eigenvalues if n = 1 mod 4 and at most finitely 
many nonnegative eigenvalues if n = S mod 4. Similarly, if go is critical for 
log I det L\, then 

Hess log I det L\{X,Y) = 0, for all X e diS{go) + coni{go), Y G Tg^M. 

Moreover, Hess log | detL| restricted to the subspace {diS{go) + conf((7o))"'" has 
at most finitely many nonpositive eigenvalues if n = 1 mod 4 and at most 
finitely many nonnegative eigenvalues if n = 3 mod 4. 

This result has the following immediate corollary: 

Corollary 1.3.2. 7/n = 3 mod 4, then no metric can be a local min- 
imum for det'A under deformations fixing the volume. If n = 1 mod 4, then 

no metric can be a local maximum for det'A under deformations fixing the 
volume. The same is true for the functional \ detL| where it does not vanish. 
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Theorem 1.3.1 also indicates that the set of critical Riemannian manifolds 
for det'A or detL is finite dimensional. We calculate explicitly what sort of 
critical point the standard sphere is and the results are summarized in the 
following table. 

Theorem 1.3.3. When n is odd, the standard n- sphere is critical for 
detL under all smooth deformations, and critical for det' A under deformations 
fixing the volume. We describe the types of critical points in several cases in 
the following table. 



standard sphere 


extremal type 


for 


among metrics fixing 




local max 


det'A 


volume + smooth structure* 


S^-^+s, m = 1,2,... 


saddle 


det'A 


volume + conformal class 


^4m+3 


local max 


detL 


smooth structure ** 


^4m+l 


local min 


detL 


smooth structure** 



*extends Richardson's result outside the conformal class, 
**only nontrivial across conformal classes. 



In particular, notice that the standard 3-sphere is a local maximum for 
det'A, while the standard 4m + 3-sphere is a saddle for m = 1,2,.... There is 
overwhelming evidence that for all odd n > 5, the n-sphere is a saddle point 
for det'A under conformal deformations preserving the volume. We prove the 
case n = 4m + 3 in Section 6. The case n = 4m + 1 is computationally more 
complicated, but we have checked n = 9, 13, 17 with the help of Mathematica. 
In fact there is a clear pattern to how the Hessian of the determinant of the 
Laplacian behaves for conformal deformations, and this is described at the end 
of this section. 

The local extrema in the above table are all strict in the sense of the 
following results. 

Theorem 1.3.4. Let go be the standard metric on and let g{t) be a 
deformation of go. If g{t) fixes the volume and g{0) ^ diS{go), then det'Ag(i) 
has a strict local maximum at t = 0. 

Theorem 1.3.5. Let go be the standard metric on where n is odd and 
n > 3, and let g{t) be a deformation of go. If g{0) ^ diS{go) + coni{go) then 
det -^^^(t) has a strict local maximum at t = if n = 3 mod 4, and a strict 
local minimum if n = 1 mod 4. 
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We will prove Theorems 1.3.4 and 1.3.5 in this paper. From Theorem 
1.3.4, it follows by applying the Nash-Moser implicit function theorem that 
if g{t) is a deformation of the standard metric go on S"^ with g(0) £ diff(g'o)) 
then dct'Ag(-(-) has a local maximum at t = 0. The details will be given in a 
subsequent paper [Ok4], where upper bounds on det'A for metrics close to 
will also be given, as well as the analogous results for det L close to standard 
spheres. 

Our next results characterize the critical metrics for det L and det'A. Let 
/io be the canonical volume clement for gQ normalized so that ^q{M) = 1. Let 
Q be Aq or Lq and let G{x, y) be Green's function for Q; that is, G(x, y) diJ,o{y) 
is the Schwartz kernel for Q~^. Then G{x,y) is a smooth function on M x M 
except at the diagonal where it blows up. Define Q{x,y) to be the regular 
part of the Green function; that is, Q{x,y) d^Q{y) is the Schwartz kernel for 
(Q'^)reg- The operator (5~g was defined in Section 1.2. 

Theorem 1.3.6 (first variation formula for F). Let g^ he a metric on M 
which has odd dimension n > 3. Write Q{x, y) for the regular part of the Green 
function for Aq. Let g(t) be a deformation of go, and write g(0) = 2(j)6ij + Aij 
where An = 0. Then 

Remark. The notation Dx^iDyjQ{x,y)\y^^ should be interpreted in the 
following sense. The tangent and cotangent spaces of M x M split canonically 
as products and this enables us to take covariant derivatives in each variable 
separately in a canonical way. (In fact the covariant derivatives Dx^i and Dyj 
commute with each other.) The (0,2) tensor field Dx^iDyjG{x,y) on M x M 
can be pulled back to M by the diagonal map x —>■ {x, x). 

Theorem 1.3.6 leads to the following characterization of critical metrics 
for F. 

Corollary 1.3.7. When the dimension n>3 of M is odd, the following 
conditions (1.3.1), (1.3.2), (1.3.3) and (1.3.4) are equivalent: 

(1.3.1) The metric go is critical for det' A under all 

deformations of go which fix the volume. 

(1-3.2) Dy,,D,jg{x,y)\^^^ = 



dF{g{t)) 
dt 
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(1.3.3) (a) Q{x,x) is independent of X 
and 

(b) {D,,iD,jg{x,y))\^^^ = ^ 

(1.3.4) (a) Q{x,x) is independent of X 



(b) {D,j;.iD,j:jQ{x,y))\^^^_^ = cSij, c constant. 
Here, Q{x,y) is the regular part of the Green function of Ag^. 

Remark. The condition (1.3.4) (a) holds if and only if qq is critical for 
det'A under conformal deformations which fix the volume. This was proved 
by K. Richardson in [Ri]. The constant G(x,x) equals Z{1) where Z{s) is the 
zeta function for Aq. 

We have similar results for the conformal Laplacian. 

Theorem 1.3.8. Suppose that the dimension n > 3 of M is odd. Write 
G(x, y) for Greenes function for L, and Q{x, y) for the regular part of G{x, y). 
Write Rij for the Ricci curvature tensor. Let go be a metric on M for which Lg^ 
is invertible and let g{t) be a deformation of go. Decompose gij{0) = 2(f)dij+Aij 
where An = 0. Now, 



d log det L 



= j 9iM{{D^,jDx,i-aRij)Q{x,y)\y^^ 



4(n - 1) V n 

J AijiO) I (D^jD^^i - aRi,) G{x, y)|^ 



' DiDj + ^A]gix,x) ) diio 



ft \ 

DiDj{Q{x,x)) djJLQ. 



4(n - 1) 

This leads to the following characterization of critical metrics for log det L. 

Corollary 1.3.9. Suppose that the dimension n > 3 of M is odd. The 
following conditions (1.3.5), (1.3.6) and (1.3.7) are equivalent. 

(1.3.5) The metric go is critical for detL under all 

deformations of go. 
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(1.3.6) (^-D,,iD,j + Rij{x)^ Q{x, y) 

Tl 

+ — rDiDj(Q(x, x)) = coSij with Co constant. 

4(n — 1) 

(1.3.7) (^-D,,iD,j + Rijix)^ Gix, y) 

^ {nDiDj + 6ijAo)ig{x,x)), 



4(n - 1) 

where Rij is the Ricci curvature tensor and Q{x,y) is the regular part of the 
Green function of Lg^ . 

Remark. It is clear that the standard metric on 5" satisfies the conditions 
(1.3.4) and (1.3.6), and hence is critical for det'A and detL. 

To prove Theorem 1.3.8, we have 

(1.3.8) ^ log detL = TR LL-i = j ^L^G{x,y)\y^Jx, 

where Q is the regular part of the Green function for L and the first equality is 
established in [KV] and the second equality follows from Theorem 1.2.2. Com- 
puting the right-hand side of (1.3.8) gives Theorem 1.3.8. A similar calculation 
holds for the ordinary Laplacian and all the details are carried out in Sections 
2.1 and 2.2. 

Now we consider the second variation of the functionals F and log det L. 
We have 

(1.3.9) — rlogdetL = — TRLL"^ = TR LL'^ + TRLL'^LL-^ . 
^ ' dt^ ^ dt 

By Theorem 1.2.2, 

TRLL-i = / L^g{x,y)\y^^dx. 

The term TRLL^^LL"^ can be somewhat simplified. The functional F can 
be treated similarly, leading to the following second variation formulas. 

Theorem 1.3.10. Suppose (j) G C°°(M), let go be a critical metric for F 
and let A be a symmetric (0, 2)-tensor field on M which is pointwise trace-free 
with respect to go; that is, An = 0. Write 

^ = cf)- [ 0d/xo, = Aoi-Z(l)no, 

Jm 
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where Z{s) is the zeta Junction for A^g. Then 
(1.3.10) 

HessF(2(^5o + ^,2(^9o+^) = -- / AjAjC^Mo + + ~ ^) /" ^2^^^ 



Theorem 1.3.11. Suppose go is critical for logdetL and suppose A G 
4 h 

(1.3.11) 



Tg^M. has An = and Aijj = 0. Then 



1 . , _i 



Hess log det L{A, A) = _ ^-^ TR{AijAij)kkL' 

+ a TR(Ajj /jAj/j j — ■^Aij i^Aij k)L 

- TRAijiDiDj - aRij)L-^Ake{DkDe - aRu)L-\ 

Explicit evaluation of (1.3.10) at the standard 3-sphcrc leads to Theorem 
1.3.4. Explieit evaluation of (1.3.11) at the standard n-sphere with n odd 
leads to Theorem 1.3.5. We now explain in more detail what happens to the 
functional F close to the standard n-sphere for odd n > 3. 

Let go denote the standard metric on 5". Prom Theorem 1.3.10, 

(1.3.12) HessF(2(^5o,2(/)<7o) = ^" ^ 'i^" ~ / ^Mn 



in — 2)^ 



From Theorem 1.2.6, 



TR^jjAg VfcifcAo ^ = / 4>uT(t)kkdiJ.n 

where T is a pseudodifferential operator with 

K{T,x,y) = K{A-\x,y)KiA-\y,x). 

This kernel is invariant under transformations of S"" x S"" which preserve the 
distance r between x and y and hence T is a function of the Laplacian, and 



Hess F (2^50, 2050 ) = / (t>Q(t>diJin 



where Q is a pseudodifferential operator which is a function of the Laplacian. 

Write Hk for the space of spherical harmonics of degree k on S"". This is 
the space of homogeneous harmonic, degree k polynomials on M""*"^ restricted 
to S"^, and is an eigenspace for the Laplacian on and hence an eigenspace 
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for Q. Ho is the space of constants, and Q vanishes on 7io since F is scale 
invariant. Hi is the space of Unear functions on R" restricted to and equals 
conf(5o) ndiff((?o), so Q vanishes on Hi- By Theorem 1.3.1, we see that when 
n = 3 mod 4, Q is strictly negative on a space of finite codimension; so for k 
sufficiently large, Q is strictly negative on Hk- 

Lemma 1.3.12. If n > 3 is odd and (j) e H2 then 

2(n-2)(-2+(n-2)(n + l)Ep'i) f , 

HessF(2(/)5o,205o) = ^ 7 :^^ — / ^ d^in- 

[n - 3)n Jsn 

Since the right-hand side is clearly positive for n > 3, we see that if n = 3 
mod 4, then Q has both positive and negative eigenvalues and iS" is a saddle 
point for F. Concerning the case n = 1 mod 4, computer calculations indicate 
that is a local minimum for F among metrics in the same conformal class, 
while 5" is a saddle point for all odd n > 5. Indeed, it appears that the index 
of this saddle point has a simple description, since for low values of k, the sign 
of Hess F on Hk appears to have a 4-fold periodicity in k. 



Conjecture 1.3.13 
l<A;<n-l ^ 

k>n-l ^ 



Hess F <0 onHk 
Hess F >0 onHk 

Hess F <0 onHk 
Hess F >0 onHk 



if k = 1 mod 4, 

if k = 2,3,0 mod 4, 

if n = 3 mod 4, 
if n = \ mod 4. 



This conjecture is confirmed by computer calculations using Mathematica 
for the case that n is odd, 3 < ra < 17 and k < 20. 

The outline of the paper is as follows. Section 2 contains the proofs of 
the results on the canonical trace described in Section 1.2, including proofs of 
Theorems 1.2.2 and 1.2.6. 

In Sections 3.1 and 3.2 we compute first variation formulas for F and 
logdetL and characterize the critical metrics; that is, we prove Theorems 
1.3.6-1.3.9. In Sections 3.3 and 3.4 we compute the second variation formulas 
for F and logdetL given in (1.3.10) and (1.3.11). 

In Section 4 we apply Theorem 1.2.6 to analyze those terms in (1.3.10) 
and (1.3.11) which involve the canonical trace. This leads to the proof that 
critical points of det'A and detL have finite index as described in Theorem 
1.3.1. 
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In Section 5 we compute (1.3.10) and (1.3.11) explicitly at the standard 
spheres in certain dimensions to verify the extremal properties of Theorems 
1.3.3 and 1.3.4, while in Section 6, we compute (1.3.10) explicitly at the stan- 
dard spheres for conformal deformations corresponding to spherical harmonics 
in 7i2, to prove Lemma 1.3.12. 

Theorem 1.3.1 and the 3-dimensional case of Theorem 1.3.3 were circu- 
lated in a preprint in 1997. The proofs appearing in this paper are slightly 
simpler than the original ones. In a sequel to this paper [Ok3], we will describe 
the behavior of critical metrics for special values of the zcta function. We have 
observed a marked difference in behavior between Z{k) when it is summable, 
and when it is not. 

I would like to thank Peter Sarnak for suggesting that I investigate the 
determinant of the Laplacian on 3-manifolds. I would also like to thank Alice 
Chang, Richard Hamilton, David Jerison, Ken Richardson, Gang Tian, Nolan 
Wallach and Paul Yang for useful conversations. 



In this section we prove the results stated and outlined in Section 1.2. 

2.1. Symbols. For C M", write P(J1) for the space of smooth compactly 
supported functions on and P'(0) for the space of distributions on Q,. 

Proof of Lemma 1.2.5. Consider the function g(OI'^l^- This is homoge- 
neous in ^ of degree z + d and hence when 'Siz + d> —n it is locally integrable 
and gives a homogeneous distribution qz{C) of degree z + d. For / a Schwartz 
function, set 



2. Regularization theorems 




|a|<Ar 



SO that /Ar(6 = O(ler)- Then {q,{^) 

[ ?(oier/(Orfe 



/(O) equals 



^|^|>i 
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where dan-i is surface measure on the unit sphere in M". Since the final 
expression defines a meromorphic function of z when ^{z + d + N) > —n we 
conclude that {qz{0 , fiO) extends to a meromorphic function on the whole 
complex plane. Away from the poles, q{z) is a homogeneous distribution of 
degree z + d and in the distributional sense, 



where Sq is the Dirac delta function at 0. In particular if q has regular parity 
there is no pole at z = and qo is a regular parity homogeneous distribution 
of degree d which equals q away from the origin. 

For the uniqueness, if q' and q" are two homogeneous distributions of 
regular parity which equal q away from zero, then q' — q" is supported at 
zero, hence equals a differential operator applied to the delta function at zero. 
Since n is odd we conclude that q' — q" has singular parity, but since it is the 
difference of regular parity distributions it also has regular parity and hence 
equals zero. □ 

In considering pseudodifferential operators, it will be convenient to allow 
homogeneous symbols as well as smooth symbols, so we will define classes of 
symbols q{x,$,) which are smooth functions for ^ 7^ and classical conormal 
distributions with respect to the set ^ = 0. 

Definition 2.1.1. Write £"^(17) for the space of smooth symbols on Q of 
order d, that is, the space of functions q G C°°(il x W^) satisfying the estimates 



Definition 2.1.2. Write SD'^{Q) for the space of order d distributional 
symbols on O x R" which are conormal with respect to $7 x 0, that is, the space 
of distributions q G 'D'{Q x M") such that q{x,^) is smooth away from ^ = 0, 
satisfies (2.2.1), and there exists G N with 

Cd^d^(l{x,0 e <^(^ X I^") for all a,P,j with I7I - \p\ > N. 

Write SD'^{Q,C{N)) for the space of C(Ar)-valued distributions on J) x R" 
whose matrix entries are in SD'^{Q). 



Poles can only occur when z + d lies in the set 

— n, — n — 1, — n — 2, ... , 
and the residue of at z = — n — d — j is 




(2.1.1) 

sup 1^1 

xeK,\£,\>\ 



'^'|5^9^(?(x,^)| < 00 for each a, /?, and compact C 
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Lemma 2.1.3. If q e SD'^{^) where d < -n, then 
q, qe C-''-'^-\n X R"). 

Now we introduce pseudodifFerential operators. Let tt : E ^ M he an 
iV-dimensional complex vector bundle over the closed compact n-dimensional 
manifold M where n is odd. We will generally work in a coordinate chart Q of 
M over which E is trivial, so 7r~^(i7) is identified with U x C^, where C/ is a 
subset of M". 

Q : C°°{E) C°°{E) is a pseudodifFerential operator of order d, if for 
each local coordinate chart 0, over which E is trivial there exists a symbol 
q G S'^{i},, C(iV)) such that whenever / G C°°{E) is supported il, in coordinates 

Qf(^) = / / qix,Oe'^^-y>^mdydC 

Now formally 

Qf{^)= I ((^Y I q{x,Oe'^''-''^-^dAf{y)dy 

= / q{x,x-y)f{y)dy. 

Interpreted distributionally this shows that the Schwartz kernel K{Q,x,y) 
equals the distribution q{x,x — y). 

2.2. Canonical splitting of operators. Suppose throughout this section 
that the dimension n is odd. Let tt : — >^ M be an TV-dimensional com- 
plex vector bundle over the closed compact n-dimensional manifold M and let 
Q : C°°{E) C°°{E) be an odd class pseudodifferential operator of order d 
with symbol expansion 

(2.2.1) q{x,i) ~ qd{x,i) + qd-i{x,0 + C ^ oo, 

where qj{x, ^) is a homogeneous distribution of degree j in ^ with regular parity. 
Then 

q{x,w) - Yl Qji^^'w) e C^{nxW,C{N)). 
j>-n-M 

It is convenient at this point to label functions of w by their homogeneity by 
setting 

Sj{x,w) = q-n-j{x,w). 

It is well-known that given an arbitrary power series at a point, there is a 

smooth function / whose Taylor series equals that power series. The function 
can be constructed by multiplying each term in the power series by a suitable 
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cut-off function. The same construction gives a distribution S{x, w) which is 
smooth for u; 7^ and satisfies 

oo 

S{x,w) ~ ^ Sj{x,w), 

j=—n—a 

in the sense of (1.2.8). Then R{x,w) := q{x,w) — S{x,'w) is smooth. Summa- 
rizing, we have 

(2.2.2) K{Q,x,y) = S{x,x-y) + R{x,x-y). 

where R{x, w) is smooth and S{x, w) has singular parity in w as w 0. 

Now we form operators Qreg and Qsmg with Q = Qreg + Qsing by patching 
together the kernels R{x,x — y) and S{x,x — y). Choose a finite partition 
of unity (/>j for M such that the supports of and 0^, are either disjoint or 
contained in a coordinate patch O over which E is trivial. If the supports are 
disjoint then (pjQtpe is smoothing and we set 

Qiig = ct>jQ4>i, Qig = 0. 

If not, the supports are contained in a coordinate patch J7 and we set 

Qiigf{x)= I (pj{x)R{x,x y)(j)e{y)fiy)dy, 
Jn 

<3sfng/(^) = j^(t>j{x)S{x,x - y)^i{y)J{y)dy, 
where R and S are as defined above. Now we set 

Qreg = Qreg; Qsing = ^ Qsing- 

3/ 3,e 
See Definition 1.2.3 for the definition of purely singular operators. 

Lemma 2.2.1. (a) The class of purely singular operators contains the dif- 
ferential operators and is closed under composition with differential operators. 

(b) The adjoint of a purely singular operator is purely singular. 

(c) The operator Qsing constructed above is purely singular. 

(d) IfQ is purely singular then KERD(Q,a;) = so that TKQ = 0. 

Corollary 2.2.2. If d is a differential operator then 

TR Q = TR Qreg + TR Qsing = TRQreg) 

TRdQ = TRdQ,eg + TR9Qsing = TRSQ^eg- 

Remark. Qreg and Qsing are only well-defined modulo smoothing operators 
whose integral kernels vanish to infinite order at the diagonal. 
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Proof of Lemma 2.2.1. (a) First we notice that the identity operator / is 
purely singular, since K{I, x, y) = d{x — y), and the delta function S{w) is even 
in w and has homogeneity — n. Next notice that if S{x, w) is purely singular 
as w and ip{x,w) is smooth, then S{x,w)il>{x,w) is purely singular as 
w —>■ 0. Indeed, 

oo 

S{x,w) r^^Sj{x,w), 

j=d 

oo 

jp(x,w) ^ ''^^jpj{x,w) with ■ipj{x,w) 

j=0 

where Sj{x,w) is homogeneous of degree j in w with singular parity. Clearly 
Sk{x,w)ipj{x,w) is homogeneous with singular parity in w, and 

oo 

(2.2.3) S{x,w)ip{x,w) ~ X] Sk{x,w)ilje{x,w). 

j=d k+i=j 

We need to show that if 

oo 

S{x,w) ~ 'Sj{x, w) 

j=d 

where Sj{x, w) is homogeneous of order j in w with singular parity, then for a 
differential operator P{x,Dx) = X]|fl|<jv'^/3 

oo 

(2.2.4) P{x,D^)Sj{x,x-w) ~ Yl Sj{x,x-y) 

j=d-N 

where Sj{x,w) is homogeneous of order j in w with singular parity. We 
have already seen in (2.2.3) that (2.2.4) holds when P{x,Dx) is multiplication 
by a smooth function. By induction it suffices to prove (2.2.4) for P{x, Dx) 
= dxf. , and this case follows easily by application of the chain rule to each term 
Sj{x,x — y). We leave the details for the reader. 

We omit the proof of (b), since it is not used in what follows. 

To show (c), we want to sec that Q{1^^ has singular parity. Now if the 
supports of 0j and 0^ are not disjoint, then in some coordinate patch fi, 

^(<3sfng'^'2/) = (t>jix)S{x,x-y)(l)e{y) = S^\x,x-y), 

where S{x,w) has singular parity in w as w ^ 0. By part (a), S^^{x,w) also 
has singular parity in it; as ^ 0. We will now show that S{x,w) still has 
singular parity under a change of coordinates. To simplify the presentation wc 
fix a;. It is a trivial modification to include the dependence on x. Suppose that 



\a\=j 



asv(x,o) 



-w 
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O C M" is open and contains zero, and suppose that S G I?'(]R") is compactly 
supported in Q, smooth away from 0, and 

S{w) ~ ^Sj{w), w ^0, 
j>d 

where Sji^w) is a homogeneous distribution of degree j with singular parity. 
Let F : U ^ Q he a diffeomorphism with F(0) = 0, and set w = F(W). We 
wish to show that 

(2.2.5) SiF{W)) ~ W^O, 

j>d 

where Sj{W) is a homogeneous distribution of degree j with singular parity 
in W. We start by showing that this is true away from W = 0, which in 

fact proves the result in the case when d > —n. We will assume that there 
is only one term in the expansion of S, so that S is homogeneous of degree j 
for w small. The general case follows by summing over j. Following a similar 
calculation in [KV], by Taylor's theorem, we have 



F{W) = F'{0)W+ ^^^^W" + 0{\W\ 

2<|Q:|<Ar 

Siwo + h) = ^^^hf^ + O{\hr\wor''). 

Hence, setting wq = F'{0)W and h = F{W) - F'{0)W, 
(2.2.6) 

s(F(w)) = j: ?^^Mfmi ( Y, ^w°y+o(ivFr-'). 

\/3\<N ^' \2<|a|<Ar / 

Moreover, if the equation is differentiated in W any number of times, the error 
^d^l^"''''"^) reduced in order by the number of W-derivatives. By grouping 
terms on the right-hand side of (2.2.6) which are homogeneous of degree £, we 
get (2.2.5). 

In the case when d < —n, write 

S{w) = il + A^fSo{w) 

where Sq has singular parity as w — > 0, is integrable and smooth away from 
zero, and A'' is a positive integer. This is easily accomplished by using the 
Fourier transform. A change of variables gives 



S{F{W)) = P{W,Dw)So{F{W)), 
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where 

P{W,Dw)=(l - E^'^^W^^^^^Wal^] ' AiW) = {F\W))-\ 

We have already shown that Si^iFiy/)) has singular parity in as ^ 0. 
Hence so does S{F{yvy) by part (a). This completes the proof of (c). The 
same argument shows that the property of being a regular parity function or 
distribution is invariant under a change of coordinates. 

Finally, we prove (d). Suppose Q is a purely singular odd class operator 
of order d. Let x E M, choose a coordinate chart Q, containing x and let 
q G S'^{n, C{N)) be the symbol of Q. Let ^ be a smooth positive even function 
on (—00, 00) with 

(f){r) =r, r > 1, (f){r) = 1, \r\ < 1/2. 

Then for x G define an analj4;ic family of operators Q{z) so that on a 
neighborhood of x, Q{z) has symbol 

q,{x,o = q{x,omy- 

Then 



KERD(Q,x) = / q(.x,^)mrdC 



2=0 



z=0 



We wish to show that this vanishes. Suppose q has the expansion (2.2.1). We 
will compute 

(2.2.7) -i- / qmm)yd^ 

If j > —n and diz < —j — n then 

J\^\>i Ji J\e\=i 

= —■ ^ / qj{9)ds{d). 

When we analytically continue to 2; = this equals 



On the other hand 



/ Qo{x,0{m)Yd^ = [ qj{x,OdC = / Qj{x,0) ds{e). 
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Hence (2.2.7) equals zero. If j = — n then the distribution qj{x,^)(4>{\^\)y is 
odd in ^ and hence integrates to zero when Jftz « 0. Hence again, (2.2.7) 
vanishes. Now set 

j>-n 

Then Jj^ q^'^\x , ^) = 0. Indeed, q{x,w) has singular parity in u; as u; ^ 0, 
hence so does q^'^\x,w), and 



(27r)2 

= q{x,w) - ^ gj(a;,u;) G C{nxW), 

j>-n 

which vanishes as w ^ 0. □ 
2.3. Canonical trace for products. 

Proof of Theorem 1.2.6. Suppose that P = (j)Pip where cf) and V' are func- 
tions on M with disjoint supports. Then P and PAQ are smoothing and 

(2.3.1) 

TA{x) = KERT){PAQ,x) = K{PAQ,x,x) 

= I K{P,x,y)A{y)K{Q,y,x)dy. 

Hence T is a smoothing operator with integral kernel K{P, x, y) ® K(Q, y, x). 
The same result holds if Q = 4'Q^p. By taking a suitable partition of unity we 
just need to prove Theorem 1.2.6 in the case when there exists a coordinate 
chart $7 over which the vector bundles Ei are trivial, and 
(2.3.2) 

there exists supported in with P = (pPcf), Q = 4>Q4>, A = cpAcf). 
Now writing P, A, Q as matrices we have 

{PAQ)ie = ^PijAjkQki- 

If we prove the scalar case of the theorem we see that the general case follows 
immediately by considering the matrix entries. 

We assume then that P, Q : (M) — > (M) are odd-class pseudo- 
differential operators, A G C°°{M) and we restrict attention to a coordinate 
chart on which (2.3.2) holds. Write Q* for the transpose of Q with respect to 
the standard density dx on the coordinate chart. We consider separately the 
following cases: 
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(1) P and Q are smoothing. 

(2) P is purely singular and Q is smoothing. 

(3) is purely singular and P is smoothing. 

(4) P and are purely singular with ordP + ordQ < —n. 

(5) P and are purely singular and in local coordinates, K{P, x,x — w) and 
K{Q^,x,x — w) are homogeneous in w (for w small). 

The general case follows since 

P ~ -fsing + -freg) Q = Q gj^g + Q ^egj 

and 

Psing = Pi + ... + Pj + P^'\ Q*,i,g = Qi + ... + Qj + Q(^) 

where P^^\Q^^^ have low order and K(P]^,x,x — w), K(Q]^,x,x — w) are ho- 
mogeneous in w. 

Case (1). If P and Q are both smoothing then (2.3.1) holds and T is a 
smoothing operator. 

Case (2). Similarly, when P is purely singular and Q is smoothing, PAQ 
is smoothing and 

TA{x) = K{PAQ, x, x) 

= {K{P,x,-),A{-)K{Q,;x)) = {K{P,x,-)K{Q,;x),A{-)). 

The product K{P, x,x — w)K{Q, x — w,x) has singular parity in w as w ^ 0, 
and the lowest homogeneity occurring in w is at least —n — ordP. Hence T is 
an odd class pseudodifferential operator with ordT < ordP. 

Case (3). follows in the same way as Case (2), or indeed can be deduced 
from Case (2) because 

TA{x) = KERB{P AQ,x) 

= K{PAQ,x,x) = K{Q*AP\x,x) = KERD(Q*AP*,x). 

Here, T is an odd class pseudodifferential operator with ordT < ordQ. 

Case (4). When P and Q are both purely singular and ordP + ordQ < — ra, 
the operator PAQ is trace class and the function K{P,x,y)K{Q,y,x) is in- 
tegrable. A simple continuity argument shows that (2.3.1) is still valid. The 
kernel K{P^ x, y)K{Q, y, x) has an expansion in homogeneous terms in y — x 
in local coordinates and so T is a classical pseudodifferential operator. 
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Case (5). Using local coordinates to work in and reducing the support 
of A if necessary, we assume that K{P, x,x — w) and K{Q*, x,x — w) are homo- 
geneous distributions in w for w € M". Let p{x,(,) and q^{x,^) be the symbols 
of P and respectively, which are homogeneous in ^. In a neighborhood of 
some point x, define the meromorphic families P{z) and Q{z) so that close 
to X the symbols of P{z) and Q^{z) are p(z,x,^) and q^{z,x,^) respectively, 
where 

piz,x,0 = Pix,m\'^^ q\z,x,0 = q\x,m\'^^- 

As shown in Section 2.1, this defines distributions which vary mcromorphically 
with z and have poles lying in the set Z + 1/2. We will show that 

(2.3.3) KERD{PAQ,x) = K{P{z)AQ{z),x,x)\'^^l. 

Indeed, let 4> G C°°(M) be positive and even with 

(j){r) = r, r > 1, (p{r) = 1, \r\ < 1/2. 

Define Pi{z),Q\{z) with sjmhols pi{z,x,^),q\{z,x,^) by 

p,iz,x,o = p{x,o{m)r^', q\iz,x,o = q'{x,o{m)r^'- 

Then Pi{z) and Qi{z) vary analytically in z and so 

KERB{P AQ,x) = K{Pi{z)AQi{z),x,x)\''^'^l. 

However, P{z) — Pi{z) and Q{z) — Qi{z) are smoothing operators depend- 
ing meromorphically on z with poles in Z -|- 1/2, and P{0) — Pi(0) = 0, 
Q(0) -(5i(0) =0. Hence 

K{iPiz)-Pi{z))AQi{z),x,x)\2l= Ki{P{0)-Pi{0))AQi{0),x,x) = 0, 
and similarly 

K{P,{z)A{Q{z)-Q,{z)),x,x)\2l=0 

and 

Kmz)-Pi{z))A{Q{z)-Qi{z)),x,x)\2l= 
so that (2.3.3) follows. Now for ^z « 0, 

K{P{z)AQ{z),x,x)= I K{P{z),x,y)A{y)K{Q{z),y,x) 

= / K{P{z),x,y)K{Q\z),x,y)A{y). 

But K{P{z),x,x — w)K{Q^{z),x,x — w) is homogeneous in w of degree 
— 2n — ordP — ordQ — z and is an even function of w. From the proof of 
Lemma 1.2.5 given in Section 2.1, we see that as a distribution, this product 
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meromorphically continues and gives a regular parity distribution at 2; = 0, 
which is the kernel of a pseudodifferential operator of order n + ordP + ordQ- 
This completes the proof of (5). The symbol of T in this case is 
but q^{x,$,) = q{x, —$,) where q is the principal symbol of Q. 



3. Variation formulas 

Throughout this section, go is a metric on the n-dimensional manifold 
M where n is odd. Vq is the total volume of M in the metric go and d/^o is 
the canonical volume element go, scaled to have total volume one. Ho is the 
d/xo-orthogonal projection of Lp'{M) onto the constants, and Aq = A^,,. The 
components of tensor fields are given with respect to a local orthonormal frame 
for go, and Di denotes g'o-covariant differentiation in the direction of the i^^ 
frame vector. Consider a deformation g{t) of go and write 
(3.0.1) 

= e2/(*)s(t), where AeiBij = 1, / = ^logdet^i^-, 

= BijiO), 4> = /(O). 

Write V for the total volume of M in the metric g and 11 for the orthogonal 
projection onto the constants in the metric g. 

3.1. First variation o/det'A. Our goal is to compute the first variation 
of the homogenized log determinant functional 

2 

F = logdet'A - -logV, 
n 

and use this to characterize the critical metrics. 

Write G{x, y) for the Green function for Aq and Q{x, y) for the regular part 
of the Green function, so that Q{x,y) d^o is the Schwartz kernel for (Aq ^)reg. 
With the notation of (3.0.1), set 

Then 

n = (noe2/)-inoe2/, 

A = -e-^'fDiEijDj, 
Proof of Theorem 1.3.6. 

^logdetA = TR(A + n)(A + n)-^ = TR A(A-i + n) + TRn(A-^ + n) 
= TR AA"^ + TRnn = TR AA-^ 



n(o) = 2no(0-(no(/>)), 

A(0) = -n(j)Ao-DiEij{0)Dj. 
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The first equality follows from [Okl] , and the last from the fact that TR IIII = 
^trace(n2)- = ^(traceH)' = 0. Now V = (noe"-'')Fo, so that 

(3.1.1) 

— = TRAoAqI - 2(Ilo<p) 
t=o 

= TR(^-n(t)Ao-DiEij{0)Dj'^AQ^ - 2(no<^) 

= (n - 2) TR (^Ho - TR DiEij {0)Dj Aq ^ 

= in-2) 4)diJ,o + / Eij{0){x)Dy^iD^jg{x,y)\ duo 
Jm Jm ^ 

Jm 

Here, we have integrated by parts using the fact that for a tensor field H(x, y), 
(3.1.2) A(i^(x,y)|^J = D,,iH{x,y)\^^^ + Dy,iHix,y)\y^^. 

We have also used the fact that 

Eij{0) = in-2)4>Sij - Aij{0), 

so that 

(n-2U = —. □ 
n 



Proof of Corollary 1.3.7. From Theorem 1.3.6, we see that the metric 
is critical for F if and only if (1.3.2) holds; that is, 

(3.1.3) Dy,iD,jg{x,y))\ + ^-^ = 0. 

To see that this imphcs (1.3.3), we first note that 

(3.1.4) {Ao,M^,y))\y^^= -1. 

(3.1.5) Dy,iD,jg{x,y))\^^^ = ^DiDj{g{x,x)) - {D,,iD,jg{x,y))\^^^. 

1 

— i 

2 



(3.1.6) Dy,,D,^^{x,y))\^^^= -^-Ao{g{x,x))-l 

Indeed (3.1.4) follows since 

^Q,xG{x,y) = -1, y^x. 
To see (3.1.5) note that 

DxQ{x,y)\y^^ = Dyg{x,y)\y^^, 
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which fohows since Q{x,y) with Q[y,x) = Q{x,y). By the chain rule, 

D{g{x,x)) = D^g{x,y)\y^^ + Dyg{x,y)l^^. 
Putting these two facts together, 

(3.1.7) D^g{x,y)\^^^ = Dyg{x,y)\^^^ = ^D{g{x,x)). 

Applying the chain rule to (3.1.7) gives (3.1.5), and setting i = j in (3.1.5) 
gives (3.1.6). The condition (3.1.3) now becomes 

(3.1.8) ^DiDj{gix,x)) - {D,,iD,jg{x,y))l^^ + ^ = 
Setting i = j and using (3.1.4) we get 

^Ao(6?(x,x)) = 0. 
Now, g{x,x) is constant, and (3.1.8) becomes 

S 

-D,,iD,jg{x,y))\^^^ + ^ = 0, 

which is (1.3.3)(b). Clearly (1.3.3) implies (1.3.4). Now assume that (1.3.4) 
holds; that is, g{x,x) is constant and 

D^^iD^jg{x,y))\^^^ = cSij. 

Setting i = j and summing we get c = 1/n which implies (3.1.8) which implies 
(3.1.3). □ 

3.2. First variation o/det L. In this section we calculate the first variation 
of log det L and hence characterize the critical metrics for det L. 

Lemma 3.2.1. Let g{t) be a deformation of the metric go and set h = g{0). 
Then 

dS 



dt 



t=o 

where Rij is the Ricci tensor for go. 

A proof of this fact can be found in [LP, §8] , or in Section 3.4 of this paper. 
Now if g{t) is a conformal variation of go, and g{t) = e^^^^^go, then 

L = e-(t+i)/Loe(t-i)/. 

It was shown in [PR] that in odd dimensions, 

detL = detLo- 
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Indeed, this can be easily deduced using the canonical trace: 



4-logdetL = TRLL~^ 
at 



Tr((-^-1)/L + (^-1)L/)l-i = -2TR/ 



0. 



Because of this, it is sufficient to consider variations g{t) which preserve the 
volume element, so that ^(0) = A where = 0. We have 



di 



(logdetL) = TRL(0)L-^ 

t=o 



Lemma 3.2.1 gives 

(3.2.1) S{0) = Aij^ij - RijAij, A(0) = AAj^j = AijDiDj+Aij^iDj. 



d_ 
di 



t=o 



Proof of Theorem 1.3.8. 
logdetL= TRL{0)Lq^ 

TR ( AijDiDj + Aij iDj + a(^Aij^ij RijAij^) Lq 
AijD^^iD^jQ^x, y)\y^^+ Aij^iD^jg{x, y) |^^^ 



M 



+ a - RijAj) Q{x, x)j duo 

+ ~ AijDiDj{g{x,x))j duo 
= / Aij{x)Qij{x)diJ,o{x) 

J M 

where 

(3.2.2) Qi^{x) = {D,,iD,j-aRij)g{x,y)\^^^ - _ ^^ DiDj{g{x,x)). 
So ^0 is critical for det L if 

Qij{x) = C{x)Sij 
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for some function C{x) which can be computed by contracting over i and j 
and using the fact that LxG{x,y)\y=x = 0. We get 



Cix) 



1 



4(n - 1) 

so go is critical for det L if and only if 



Aoigix,x)), 



{Dx,iDx,j - aRij)g{x,y)\y^^ = _ {nDiDj + dijAo){g{x,x)). □ 



For later use we note that if go is critical for det L then for any Z G Tg^M., 

1 



(3.2.3) TR{DiZijDj -aZijRij + aZij,ij)LQ^ = - 



4(n-l) ^^^'''^^^0^- 



3.3. Second variation o/det'A. 

Proof of Theorem 1.3.10. We want to calculate the Hessian of F at a 
critical metric and we do so in three steps. First we calculate the conformal 
case HessF(2(/)(7o, 20(/o)- Then we calculate the cross-term Hess F (2(1) go, A) 
when An = 0, and finally we calculate the volume element preserving the case 
Hess(^, A). 

Recall that 



M 



= Ao-i-z(i)no. 



We will start by showing that 



(3.3.1) B.essF{2cPgo,2(Pgo) 



(n + 2)(n-2) 



Jm 



'duo 



{n-2f 



TR((Ao0)Ao-i)'. 



Set 



Now 



5(t) = e'% 



HessF(2(/.5o,2(/>5o) 



d^F 



df^ 



t=o 



and as in (3.1.1), 



dF 
It 



= TRAA"^ - 2(n^). 



t=o 
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Now 

A(0) = n^DiDi - (n - 2) A^A 

n + 2 n-2 ^ ^ n - 2 ^ ^ 
= 2"*^^° + ^-Ao0 ^(Ao0), 

where we temporarily use the shghtly unwieldy convention that (Aq^) is the 
operator Aq applied to the function 0, while Aqc/) is the operator Aq composed 
with multiplication by 4>. Since there is nothing special about t = 0, we get 

: n + 2,. n — 2^, n — 2,,,, 
A = —(PA + -^^(t> ^(A</.). 

Then 

TRAA-i= Tr(-^^A + !^A</, - !^(A^))a-^ 

= -2TR(^(/-n) - ^^-^ TR(A(/))A-i 
n — 2 

= 2TR(?!)n ^TR(A0)A-^ 

Thus 

(3.3.2) ^ = TR(A0)A-^ 

A similar formula was obtained by Richardson in [Ri] using more elaborate 
calculations involving the heat kernel instead of the canonical trace. Now 



TR(A(^)n = [ A(t)dn = 0. 
Jm 



Hence for any choice of /?, 

(3.3.3) ^ = ^TR(A</.)(A + /3n)-i. 

Let Z{s) be the zeta function for Aq set 

(3.3.4) p = A = A + /3n, Ao = Ao + /?no. 

(We assume that Z{s) ^ 0. In the case Z{s) = 0, the following argument can 
be modified by taking /3 to be a constant and letting — > oo at the end.) 
Since qq is critical for F we have Q{x, x) = Z{1) for all x, so that 

AqI = Ao-i-Z(l)no, K{{A~\,g,x,x) = g{x,x)-Z{l) = 0, 

and TR-^Aq ^ = for any function ip. Now 

HoAo^ = Ao^Ho = -Z{l)Uo, AqAq^ = Aq^Aq = I -Uq. 
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Hence 
(3.3.5) 

^[_^ = (tR(A(0)^)Ao1 + TR(Ao<^)((A + /3n)-i)-(0)) 

= -^TR(Ao<^)((A + /3n)-i)-(0) 
= ^ TR(Ao</.) Ao 1 (Ao + /3rio) Ao 1 
= ^(/?TR(Ao(/))AoirioAo^ + TR(Ao</))Ao-1AoAo ^) . 

But 

(3.3.6) /3TR(Ao<^)Ao'noAo' = TR(Ao0)norioAo' 

= nTR(Ao0)no^Aoi = nj ^^d/xo, 

while 

TR(Ao</.)AoiAoAo-i 

= TR(Ao</.)Ao-^ (-^^Ao + ^Ao0 - ^(Ao</.)) Aq^ 

= -!i±^TR(Ao</>)Ao-V(/-no) + ^TR(Ao<^)(/-no)0Ao-i 

- ^TR(Ao<^)Aoi(Ao<^)Ao^ 

= -2TR(Ao(/))(/-no)(/)Ao-i - ^TR(Ao<^)Ao^(Ao<^)Aoi 

= 2TR(Ao.^)no<^A-i - ^TR(Ao.^)A-i(Ao<^)A-i 

= 2Tr/ ^^di^o - ^TR(Ao</))Aoi(Ao</))Aoi. 

Substitution of this and (3.3.6) into (3.3.5) gives (3.3.1). 
Now we show that if An = then 

(3.3.7) HessF(205o,^) = TR^fefeA^ ^AAji^jAo 
Take a deformation 

g{s, t) = e^'^B{s), det(By ) = 1, B'^^iO) = A.j, 

where the prime denotes differentiation with respect to s. With the notation 
of (3.3.4), 
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Then 



dsdt 



s=t=0 



n-2 



n-2 
2 

n-2 



TR(A'(0,0)(/.)Ao 



n-2 



TR0fefeAoiA'(O)Ao 



TR(Ao</))((A + /3n)-^)'(0,0) 



: -1 



Finally, we show that 
(3.3.8) Bess F{A, A) = - 



n Jm 



Afjd/io - TRDiAijDjA-^DkAkeDeA- 



Taking a deformation g{t) of go with det{gij{t)) = 1 for all t and ^(O) = A, we 
also set Zij = d^{g~^)ij{0) and note that since det{gij) = 1, 



A-A- 



Now with the notation of (3.3.4) we have 

dF_ 
ds 



TRA'A" 



so that 

(3.3.9) 

Now 



TRA"(0)Ao' - TRA'(0)Ao^A'(0)Ao 



s=0 



A'(0) = DiAijDj, 



A"(0) = -DiZijDj, 



so that the second term on the right of (3.3.9) equals the second term on the 
right in (3.3.8). Now since go is critical, 



TRA"(0)Ao 



TR DiZijDjA^' 



M 



ZijDy^iDxjQ{x,y) 



dixo 



y=x 



— [ ZijSijdno = — / AijAijdfio- 
nJu nJM ' ' 



□ 



3.4. Second variation o/dctL. In this section wc prove Theorem 1.3.11. 
First wc remark that this theorem enables us to compute Hess log det L on the 
space Tg^Ai. Indeed, 

TgoM = (conf^fQ + diff^o)"^ © (conf^o + diff^o)- 
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Furthermore, A G (confg'o + diff^io)"'" if and only if An = 0, Aijj = 0, and 
Theorem 1.3.11 gives Hess log detL under these conditions. We claim that if 
X e diff(5o) + conf(5o) and Y e Tg^M, then Hess log det y) = 0. Indeed, 

(3.4.1) Hess(X,y) = dsdtF{g{s,t))\s=t=G 

where g(s,t) is a 2-parameter deformation of go with dsg{0,0) = X and 
dtg{0, 0) = Y. Write X = 2(f)dij+Xi where Xi G diff (c/o)- It is not hard to con- 
struct a deformation h{s, t) of gQ with h{s, 0) € Diff ((70) for all s, dsh{0, 0) = Xi 
and dth{0, 0) = y. Set g{s, t) = e'^'^'^'his, t). Then ^^^(0, 0) = X and 9* c/(0, 0) = 
Y. But then log det L(y(s, i) = logdet L(/i(s, i)) for all s and t, and so we can 
replace g{s,t) by h{s,t) on the right-hand side of (3.4.1), which then vanishes 
because h{s,0) is critical for log detL so that dflogdet L{h{s,t))\t=o = 0. 

Proof of Theorem 1.3.11. We take a deformation of go with gij{0) = A^ 
where An = and Aijj = 0, and set {g^^)"{0) = Zij. By Lemma 3.2.1, 

Hess logdetL(^,^) 

- f_ 
~ df^ 

= -TRDiZijDjLQ^ + aTR5(0)Lo^ 

- TR{DiAijDj - aRijAij)L^^{DkAkiDe - aRkeAki)LQ^. 

The last term in this final expression is the same as the last term in (1.3.11). 
To equate the other terms, we need the following. 

Lemma 3.4.1. If An = and Aijj = 0, then 

Using this Lemma, equation (3.2.3), and the fact that Zn = AijAij, we 
see that 

-TRDiZijDjL^^ + aTRS{0)L^^ 
= TR ( DiZijDj -\- aZijRij — aZ^j^ij -\- oiA^j f;A^j~ j ^Aij i^Aj^j j^^^ Lq 

= TR ^4(jj'_i) i^ij^ij)kk + Oi^ij,k^ik,j ~ ^^ij,k^ij,k^ ^- □ 



logdetLg(t) = TRL(0)Lo^ - TRL^ ^L(0)Lo ^L(O) 

t=o 



Proof of Lemma 3.4.1. We work in coordinates. The metric g{t) is a 
deformation of go. We denote the covariant derivative in the metric g{t) by 
V = V(i), so that V(0) = D. If w is some tensor field on M then Vo; is not 
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tensorial in w, but (V — D)io is. Let F*^ = r*fc(i) be the Christoffel symbol for 
g{t), so that 

Set 

= - r*fe(o). 

Then 

if 

9 

= -Y {Dj9ki + DkQji - D^gjk) . 

This can be verified at each point by working in normal coordinates for the 
metric qq. 

Now the curvature tensor is 

^ijk ~ jk ^j^ik ' ^ ip^ jk ^ jp^ ik^ 

and 

^ijk = ^ijkit) — -Rfjfe(O)- 
Again working in normal coordinates for qq, we find that 

^ijk ~ jk ^j'-ik ^ ^ ip^ jk jp ik' 

This enables us to compute the first and second variations of the Ricci curva- 
ture. Indeed, we write 

giM = hij, ijijio) = wij, (g'Ti^) = 

so that 

z^^ = -w'^ + 2h'''hi. 

Then 

f;.,(0) = i {Djhi + Dkh] - D%k) , 

tl,(0) = \DkK, 

f}^(0)= \{Djwl + Dkw] - D'w.k) - h'^iDjhke + Dkh.t - D^hjk) , 
f^fc(O) = ^Dkwl ~ h^'Dkhu, 
4,(0) = Af}fe - Djti,, 

4fc(o) = Af j-fe — Djt'ik + 2 (ri^r^ji^ — Vj^tlj^j , 

so that 

S = dtig^'^Rjk) = -h^'^Rjk + g^'^Rjk = -h^'^Rjk + D^DkV^ - DjD^hl 



DETERMINANT OF THE LAPLACIAN 



509 



This proves Lemma 3.2.1. To calculate the second variation of the scalar 
curvature we restrict to the case h] = and Djhl. ~ ^- ^^^^ ^Ik ~ ^ 

and r^j. = 0, so that 

(3.4.2) 

S = diicf^Rjk) = z^'Rjk - 2h^^Rjk + g'^'Rjk 

= z^'^Rjk - 2h^^ (Af }fc - Djt\^) 

= z^'^Rjk - 2h^^Dit% + {pit% - 2f f,) . 

Now 

-lW^DiV)^ = -2h^''DiDjhi + y'^DiD'hjk, 

= -DiDjz'^ + 2{DiDjh'^)h{ 

+ 2{D^W^)Dih{ - ^DiD\hjih^^), 
-2g^'t],ti, = - i {D,hi + Deh] - D^h^e) (d.^' + D^H - D'h{) 

Substituting this into (3.4.2) gives 

S = z^^Rjk - DiDjz'^ + {D^hu)Dihje - l{D^h^^)Dihje. □ 

4. Critical points have finite index 

In this section we prove Theorem 1.3.1. As usual let go be a metric 
on the n-dimensional closed compact manifold M with n odd, write tensors 
with respect to a ^o-orthonormal frame for TM and write dfiQ for the volume 

element for go normalized so that /xo(M) = 1. Write SqT*M for the bundle of 
symmetric (0, 2)-tensors on M which arc trace- free relative to go. 

Lemma 4.1.1. (a) The operators P,Q : C°^{M) ^ C°°(M) defined by 

{Pct>){x)d^io{x)= KERD(Ao VAq \ x), 

{Q(t)){x)dno{x)= KERD(L-Vi^"^ a^), 

are pseudodijferential operators of order n— 4. P and Q have the same principal 
symbol p, where {—l)^"'~^^^/^p{x,^) > 0. 
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(b) The operator Rq : C°°{S^T*M) C°°(M) defined by 

{RoA)ix)dfioix) = KERD(A^1Z)^^^hAo \ x) 

is a pseudodiff'erential operator of order n — 2, and Rq has the same principal 
symbol as the operator 

R, = C^-'^a'^-'^/'dI, 

where C^") is a constant, and D^^ denotes the divergence operator A^g 
DIhAm- 

(c) The operators U,V : C°°{S^T*M) C°°{S^T*M) defined by 

iUAix))Mdfioix) = KERBiA^' Df J A, Die, x), 
iVA{x))Mdfio{x) = KERBiL^^Dl^A.jL^'Dle, x), 

are elliptic of order n. U and V have the same principal symbol u, where 

(_l)("+l)/2^(^^^) > 0. 

Remark. In general, the homogeneous terms in the symbol expansions of 
P, Q, Rq, U, V down to but not including the term of order zero, can be 
explicitly computed from go, (f), Aij. To obtain terms of order |^|° and lower 
involves compTiting the Taylor expansion at the diagonal of the regular part of 
the Green function for Aq or L. In Section 5, we will consider the case when 
go is the standard metric on S"^ and we will compute U explicitly for n = 3 
and V explicitly for all odd n. 

Proof of Theorem 1.3.1. We will see that there exists an order n pseudo- 
differential operator Y : C°°{S'^T*M) C'^{S^T*M) such that whenever 

(4.1.1) hij = 24>Sij + Aij, with An = 0, Aijj = 0, 
we have 

(4.1.2) HessF(/i,/i) = / hij{Yh)ij. 

Jm 

Moreover, the principal symbol y oi Y satisfies {—l)^"'^^^^'^y{x,^) > 0, and 
hence by elliptic theory Y has at most finitely many nonnegative eigenvalues 
if n = 4m + 3 and finitely many nonpositivc cigcnvahies in n = 4m + 1. 

To see that (4.1.2) holds, we must consider the terms in (1.3.10). The two 
main terms are 

(4.1.3) TR^iiAoVfcifcAo' = J^^{AoPAo^) duo, 
and 

(4.1.4) -TR DiAijDjAo^DkAkeDeAo^ = [ AijiUA)ijdno. 

JM 
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Here we have used Lemma 4.1.1. Now the map 

h —> {((>, A), where hij = 2(p6ij + Aij, An = 0, 

gives rise to the sphtting 

C°°{S'^T*M) = LM ® C^{SIt*M) 

where LM is the trivial line bundle over M. We can use this splitting to extend 
P and U to operators on C°°{S'^T*M) in the natural way, so that the sum of 
(4.1.3) and (4.1.4) is 



/ 

Ja 



(/)(AoPAo</>) + / Aij{UA)ij = / hij{Yoh)ijdfio, 
Jm Jm 



M 

where Yq is an elliptic pseudodifFerential operator on C°°{S'^T*M) of order n 
and its principal symbol y in normal coordinates satisfies 

yijkeix,(.)hijhk£ = -{n-2fp{x,^)\S,\'^{(j){x)f - Uijki{x,^)AijAk£, 

and (— l)("~^^/^y(a;, ^) > 0. The other terms in (1.3.10) correspond to oper- 
ators of lower order. In particular when Aijj = we see that RiA = and 
so setting R = Rq — Ri we have RqA = RA. But i? is a pseudodifFerential 
operator of order n — 3. The cross term in (1.3.10) is 

-{n-2)TR(f>iiA^^DkAkeD£AQ^ = (n-2) f cf)AoRAdno- 

Jm 

The operator AqR has order n — 1 which is less than the order of Yq. We 
conclude that (4.1.2) holds where Y has the same principal symbol as io- 
Similarly by Lemma 4.1.1 and Lemma 3.4.1, 



Hess log detL(A,^) = / Aij{ZA) 

Jm 



13 

M 

where Z is an elliptic pseudodifferential operator of order n, whose principal 
symbol z = —u, and so Z has at most finitely many nonnegative eigenvalues if 
n = 3 mod 4 and finitely many nonpositive eigenvalues in n = 1 mod 4. □ 

Proof of Lemma AAA. We apply Theorem 1.2.6. Work in normal coordi- 
nates w about the point x € M and extend the orthonormal frame d^i , ■ ■ ■ , dw„ 
at X smoothly to a local orthonormal frame for TM, thus giving a local trivial- 
ization of SqT* M. The principal symbol of at x is —^k^i, and the principal 
symbol of and at x is 

The Fourier transform of \w\^ on R" is 

n/aon+sp / n+s \ 

(4.1.5) C(.)|C|— ^ C{s) = Cn{s) = ^ ^ 

when s ^ {— n, 2 — n, . . . }; see [Ta]. Set 

(A 1 fi^ C = r(n/2) 

^ ' 2'^+37rW2)-i(n + l)r(n) 
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(a) By Theorem 1.2.6, P and Q are pseudodifferential operators and the 
principal symbol of each is 



1 \ 2" 



iC{-2)yCi4-2nm 

= (-l)("+^)/2l6(n - l)(n + l)C"|^r-^ 

(b) By Theorem 1.2.6, Rq is a pseudodifferential operator. Its principal 
symbol, 

r{x,0-SiT*M ^ C 
can be written as a symmetric matrix rke{x,$,) so that 

Since A is trace-free, we can calculate rke{x,^) modulo terms of the form 

— ) (C(-2))M \w\^---^^\w\^-^ 
(^)'"(C(-2))2n(n-2) ( \w\-''^WkW,)^ 

-) (C(-2))=C(-2„)„(„-2)_lfr 



^ \ 2n 

2^ 



{C{~2)yC{-2n)n\n - 2)' \ir''ikil. 



Clearly the operator 

Ri = -(^^^'\c{-2)fCi-2n)n\n-2f A^^-^^/'DiDj 

has the same principal symbol as Rq. 

(c) Finally, by Theorem 1.2.6, U and V are pseudodifferential operators 
and their principal symbol u can be written as a tensor Uijki symmetric in i 
and j and in A; and i, with 

{u{x,^)A)ij = Uijke{x,C)Ake, 
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and this matrix can be calculated modulo terms of the form Sijv{^) +w{^)6ke- 



\2-n 



1 \ 2" 



27r 



J {Ci-2)fn\n - 2f ( \w\-^-^'^WiWjWkW, )' 



1 \2n -^4 

-) (C,-2))^C,-2„-4)„^,„-2)^^^;^^|J|- 

^ (_l)("+l)/2(-;./ g4 |^|n+4 _ /_i\(n+l)/2w~ 

where 

= n(n - 2) |^r~^Ci^j66 

The symbol u is clearly elliptic and positive. Indeed dropping the summation 
convention, we have 

AijUijuAki = n{n-2)\y^ Aij^i^j |^|"-^ 

+ \ir^ + 2^(A,,)2|^r. □ 

j \ i / i,j 



5. Standard spheres which are extremal 

Formulas for the Hessian of the functionals F = logdet'A — (2/n)logy 
and log det L at general critical points were proved in Sections 3.3 and 3.4. In 
Section 4 it was shown that the critical points always have finite index. In this 
section we evaluate explicitly the formula for Hess F on the 3-sphere and for 
Hess log det L on all odd dimensional spheres, to show that these spheres are 
local extremals. By contrast, in Section 6 we will see that the (4m + 3)-sphere 
with m = 1, 2, . . . , is a saddle point for F. 

In Section 5.1, wc develop the general theory to compute the Hessian of 
the log determinant functionals on the standard spheres, and in Sections 5.2 
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and 5.3 we apply this theory to F and logdetL respectively. Throughout we 
write SS'^ for the unit sphere bundle of S", go for the standard metric on 5", 
dan for the standard volume form, Vn for the volume (J„(S'") and for the 
normalized volume form da-n/Vn. Wc write SqT*M for the bundle of symmetric 
(0,2) tensors on M which are trace-free relative to go, and the components of 
all tensors are given with respect to a g'o-orthonormal frame. 

5.1. Fourier series for singular kernels. 

Lemma 5.1.1. Let P,Q : C°°(5'") ^ C°°(S'") be odd class pseudodiffer- 
ential operators which are functions of the Laplacian on the standard n-sphere, 
and suppose A e C°°{S^T*S'^) and Aijj = 0. Then 

KERD(P^ijL>2g,x) = 0. 

Proof. Write T for the circle M/(27rZ). It is convenient to introduce some 
spaces of functions on T \ 0. 

(5.1.1) ^ = { / e C-(T \ 0) : fix) = fi-x) }. 
J^o = { / e : /(tt) = }. 

Define T : ^ J^o by 

(5.1.2) Tf = /"(r)-^/'(r) = sinr-^^^. 
^ ^ J ^ V y gj^^J V J drsinrdr 

The right inverse T~^ is given by 

T'V := / (^sinr / ^^^^ , where //(a;) = J fit)dt, a;€(0,27r). 

Write r = r(x,y) for the distance between points x and y measured on the 
standard n-sphere. If P and Q are functions of the Laplacian then we can 
define e J^hy 

$(r) = KiP, X, y), *(r) = K(Q, x,y), < r < tt, 

and extend $ and * to functions in T. On the standard sphere, Dy - cos r = 
—5ijCosr. Here, the subscript y indicates that we are taking the partial co- 
variant derivative with respect to y. We have 

Ki^nr) = (*"(r) - ^*'(r)) r,,r,, + =*'(r)<5.,. 
Write a(x, y) — r-y^ir-yjAijiy). Since A^ — 0, we get 

(5.1.3) K{AijDlQ,y,x)= A,j{y)Dl,^KiQ,y,x) 

= My)iT^ir))ry,iryj = T^'(r)a(x, y). 
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First we consider the case when P and Q are pseudodifferential operators which 
are functions of the standard Laplacian, ordP < —n and ordQ < — n — 2. For 
the fohowing argument we do not need to assume that P and Q are odd class 
or integral order. 

K{PAijD^jQ,x,x) 

K{P, X, y) K{AijDfjQ, y, x) duniv) 

S" 

= ^ I ^r)a{x,y){T^){r)dan{y) 

= ^ [ [ a{x,exp^{rv))^{r){T-^){r) sin""^ rdrdan-iiv) 

Vn Jr=0 JveSSS 

= [ [ a(x,exp^(TO))rr-^($(r)(r*)(r)sin"-V)drdc7n_i(v) 

Vn Jr=0 JveSS^ 

= [ Aj{y)Dl,jT-\^r){T^){r)sm--\)dfin{y) 

= [ {Dl,^Ajiy))T-\^r){T^i>){r) sin--' r)dfXn{y) = 0. 

The orders of P and Q were chosen low enough so that all distributions involved 
are bounded functions and integration by parts is valid. The calculation fails 
when ordP and ordQ are large, but the lemma is easily obtained by setting 

P, = P{I + A)^/^ = Q{I + Ayf^; 

thus applying the lemma when <C gives K{PzAijDfjQz,x,x) = 0. Hence 
by analytic continuation, KEKD{PQAij D^-Qq, x) = 0. □ 



We will now derive a formula for TR{AijDfjPBkeDl^Q) when A,B € 
C~(5'2r*5"). 

For (x, v) G SS'- and r G R, let (x^, Vr) be the image of {x, v) after flowing 

distance r along the geodesic with initial point x and initial direction v, so 
that {xr,Vr) = (cxp |2:(rf ), exp^ \{x,rv){''^))- For ^ function g on T, define the 
Fourier coefficients of g: 

9k = g{r)e'^''dr. 

This definition extends to distributions g by duality. For a function a{x,v) on 
SS^, define 

(5.1.4) dk{x,v) = — a{xs,Vs)e'^^ dr. 

Jo 
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Lemma 5.1.2. Suppose that n is odd and P and Q are odd class pseu- 
dodifferential operators on 5" which are functions of the standard Laplacian. 
Suppose that P, Q have order at most -2. Let A,B £ C~(5^r*S'") and for 
V G r^iS" write a{x,v) = Aij{x)viVj, b{x,v) = Bij(x)viVj. Then 

(5.1.5) TR{AijDlPBkiDl^Q,x) 

^ t72 / m fkak{x,v)b_kix,v)dan-i{v)dan{x) 

where f{r) is the even distribution on T defined by 

(5.1.6) /(r) = r$(r)T^'(r)sin"-V, < r < 27r, 

and regularized so that for r close to zero, f{r) is the sum of a polyhomogeneous 
distribution with regular parity and a bounded function. There is an asymptotic 
expansion for f^: 

(5.1.7) A ~ c„|A;r + c„_2|fcr-' + ... + ci|A;| + o(l), \k\^oo. 



Proof. First, we consider the case when P and Q are pseudodifferential 
operators which are functions of the standard Laplacian and ordP, ordQ < —2, 
ordP + ordQ < —n — 4. For the following argument we do not need to assume 
that P and Q are odd class or integral order. The function f{r) in (5.1.6) is 
integrable and 

(5.1.8) K{Ai,DlPBuDltQ,x,x) 

= ^ I M^){Dl,^Hr))BH{y){Dl^t'if{r))dan{y) 

y-n .J 

= TF I Aij{x)rx;irxuBke{y)ry-kry-iT^{r)T^{r)dan{y) 

= ^ [ [ a{x,v)b{xr,Vr)T^{r)T-^{r)sm"-~^rdrdan-i{v) 

2Vn JsSi Jo 

r2ir 



TTTT / / f{r)a{x,v)b{xr,Vr)drdan-i 

^^n J SSI Jo 



{v). 
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Integrating over x ^ S"", we get 
(5.1.9) 

tj:ace{AijDfjPBkiDl^Q, x, x) 



oT/2 / / fir)a{x,v)b{xr,Vr)drdan-iiv)danix) 



47ry2 



ss^ Jo Jo 

oo 



a{xs,Vs)b{xs+r,Vs+r)fir) dsdrdan-i{v)dan{x) 



\n \ XI !kak{x,v)h^}^{x,v)dun-\{v)dGn{x). 



k=—oo 

Here, we have used the fact that the measure dan-i{v)dan{x) is invariant under 
the geodesic flow {x,v) — (a;^,^;^). 

To estabhsh the general case we may suppose without loss of generality 
that P and Q have order —2, form the analytic family = P{I + A)^/^ and 
set ^z{r) = K{Pz,x,y) and fz{r) = T$^(r)r^'(r) sin"~^ r. Then there exist 
constants Pj{z), Uj{z), Cj{z), Cj{z) depending analytically on z when < 2, 
such that as r I 0, 

^z{r) ~ (p2-n(^)r-2-"-^ + p^_nizy---' + ...) 

+ {po{z) + P2{z)r^ + . . .) , 
r$,(r) ~ (i_„(z)r-"-^ + t2-n{zy-''-' + ...) 

+ {t2{zy + t4{zy + ...), 

r*(r) ~ (ti-nr"" + n2-nr^~" + . . .) + ('^2^^ + + ...) , 

so that 

Mr) ~ (c_i_„(z)r-i-"-^ + ci_„(z)ri-"-^ + ...) 
+ (ci(2;)r^"'' + C3(z)r^"^ + ...) 

+ (co(z) + ci{z)r + C2(z)r2 + ...). 

The terms Cj{z)r^~^ with even j < analytically continue to z = to give 
regular parity distributions, and 

fz{r) - (c-i-„(z)r-i-"-^ + ci-„(z)ri-"-^ + ... + c_i(z)r-i-^) 

analytically continues to z = to give a bounded function of r. Hence as 
a distribution, fz{r) analytically continues to ^ = to give a regular parity 
distribution in r plus an integrable function of r. The Fourier coefficients of 
the function /o clearly satisfy (5.1.7). Equation (5.1.8) holds when z « 0, 
and extends in the distributional sense to z = 0. □ 
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Finally we outline the procedure to calculate fk from the function /. 

Definition 5.1.3. If / G J^, we say are Fourier coefficients for / if the 
sequence ak is tempered; that is, for some N, 

HI < C(l + |A;n, 

and the distribution 

k 

is equal to the function /(r) on \ 0. 

Lemma 5.1.4. Suppose f is a function in T and a^, 7fc are two sets of 
Fourier coefficients for f. Then there exists a polynomial p{x) such that 

ock = Ik + P{k). 

Our strategy to compute the Fourier coefficients of the distribution / in 
(5.1.6) will be to compute Fourier coefficients 7^ for the restriction of / to T\0, 
and then to adjust these by adding on a polynomial p{k) to get coefficients 
with the asymptotics given by (5.1.7). These are then necessarily the Fourier 
coefficients of the distribution /. 

To calculate Fourier coefficients of the function / G we look for a 
harmonic function h{z) on the unit disc P = {z G C : |z| < 1} which extends 
continuously to \ 1 and equals / on the circle in the sense that 

(5.1.10) /(r) = /i(e*''), rGT\0. 

Lemma 5.1.5. // (5.1.10) holds and 

00 

(5.1.11) h{z) = ao + ^ {akz'' + a_kz^^ , < 1, 

k=l 

where are tempered, then are Fourier coefficients for f. 

We omit the proofs of Lemmas 5.1.4 and 5.1.5. It is convenient to write 

00 

(5.1.12) f ao + i'^kz" + a-kz") 

k=l 

when (5.1.10) and (5.1.11) hold. 

5.2. The Hessian of F at S^. Theorem 1.3.10 gives the Hessian of the 
function F at a critical metric go. In dimension 3, 

(5.2.1) Hess F{2(l)go + A, 24>go + A) 

= - \ I AijAijdno + \ I (t? d^iQ - ^TR(/)iiAg VijAo^ 
3 J53 2 Js'i 4 

- TRA,Z)2.Ao V.-.A-i - T^A,jDlK-^AktDl,K-\ 
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where A G SqT*S'^ with Aijj = 0. Our aim is to show that this is strictly 
negative unless Aij = and (l)Sij G diff(g'o). The term 

vanishes by Lemma 5.1.1. Richardson [Ri] studied the case of conformal de- 
formations and his results show that when A^j = 0, HessF < with strict 
inequality when (f)dij ^ diS{go). Hence we only need to understand the case 
= 0. For n > 0, set 

1 k even, 
k odd. 



(5.2.2) I{k) 



Lemma 5.2.1. For the standard metric on , suppose that 

A G C^{SlT*S'^). 

Write a{x,v) = Aij{x)viVj. Then 
(5.2.3) 

where > for all k, so that (5.2.3) is positive unless A = 0. 

Proof. Let G{r) be Green's function where r denotes the distance between 
X and y; that is 

^ .^ ^/ X -r^^T-i X (tt — r)cosr 1 

(5.2.4) Gir) = KiA,\x,y) = + 

By Lemma 5.1.2, (5.2.3) holds where are the Fourier coefficients of /(r) = 
(rG(r))^ sin^ r. Wc will follow the strategy outlined below Lemma 5.1.4 to 
compute these Fourier coefficients. Now 



2 ^ ' 



and since 



we see that 



2 sin r 2 sin r 



G"(r) + ^^G'(r) = 1, 
smr 



TG{r) = G"{r) - ^G'(r) = 1 - ^^G'(r) 
smr smr 

^ 3cos^r 3(r — 7r)cosr — 3(r — 7r)cosr 3 1 
2sin^r 2sin^r 2sin^r 2sin^r 2 
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Hence 
(5.2.5) 



\ (rrru ^^2 ■ 2 / -3(r - tt) cos r 3 sinr^ ^ 
j[r)= lTG(r)) sm r = 7) h— — 

9(r — 7r)^cos^r 9(r — 7r)cosr^ 9 
4 sin^ r 2 sin^ r 4 sin^ r 

3(r — tt) cos r 3 sin^ r 

+ — \ 

2 sin r 2 4 

(f \ / (r — tt)^ 2 1'" ^ cos r \ 3 ^ sin^r 



dr^ y \ sin^ r sin r J 2 4 

— ^ f 2] ~ ^''^ "^^^ ^^^^ ^ 

8 \dr'^ ) dr sinr 2 4 ' 

We are now going to compute Fourier coefficients for / restricted to T\0. 
To do this we will find a harmonic function on the disc having / as its bound- 
ary values. We rely on the simple fact that although products of harmonic 
functions are not in general harmonic, the product of two analytic functions 
or of two conjugate analytic functions is harmonic. Define 




Setting z = e*^ we have 

cosr .^ + 7 1 + , . , cosr _, , 

I f = -I- 2 = P'^^h also, - — = p{z). 

z — - 1 — sm r 



sin r z — 

z 



Calculation of Fourier coefficients gives 

2 



7r2 °° 2 

fe=i 



Now 



where 

r -2i A; = 1, 

Hence 



-I 



{AE{k -2) + k>l. 



^ ^ = p{z)h{z) + p{z)h{z) = — - + E/^ifc(^ )■ 

fe=i 
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From (5.2.5), we see that 

oo 



k=l 



where 



7fe = S 



z' _3 I 1 

2 8 
3 I' 1,2 



k = 

'^{k'^ + 2)ikf3k k = l{oTk>2) 
k = 2 



18if32 



= < 



^. 4 

_11 

8 

9 
4 

3n^ 



J_ 
16 



k = 
k = l, 
k = 2 

I Uk^ + 2k)E{k-2) + f + 3 ^>2. 



-I- 2. 

2^4 



X 

16 



Now 



as A; — > oo, so that 
7fc 



Stt^ „ 3 , 2 37r2, ^ ^ 1^ 



as A; ^ OO. The Fourier coefficients Uk = fk are therefore given by ak 
7fe + (3/4) + 2 and so 

a, = —e + — + O(-) 



as A; ^ oo. This gives 

8 

5 



< 



3211 _L 7 _L J. 
9 "T I -r iR 



fc = 
A; = 1 
A; = 2 



2 ^ ' ^ 16 

I |(A;3 + 2A;)£;(A; - 2) + + A; + |) + 2 A; > 2 
so that afe > for all A; > 1. 



□ 



5.3. The Hessian o/logdetL at S'^. Let go be the standard metric on 
where n is odd. As usual r denotes the distance between points x,y e S'". 
Green's function for Lq is 

G(r) = X(Loi,x,y) = . ^f^" C„ = ^ 



sin"-2(r/2)' (n-2)F„_i 
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Since this has singular parity as r J, 0, (Lq ^)reg = 0. Furthermore, Rij = 25ij. 
Prom this we see that (1.3.11) reduces to 

(5.3.1) Hess log detL(^,^) = - TR ^^h-DI^^q ^ 
when A e S^T*S'' with Aijj = 0. 

Lemma 5.3.1. Suppose that A G C'^{S^T*S^), wh ere the trace is with 
respect to the standard metric. Then when a{x,v) = Aij{x)viVj, 

(5.3.2) TR AjDIL-^AmDI^L-^ 



(_l)(n+i)/2^ / J]afc|afe(x,^;)|2da„_i(i;)da4a;), 

JSS^ 



fc=0 

where ctfe > for all k, so that (5.3.1) is nonzero unless Aki = 0, and has the 
same sign as (— 1)("~-^)/^. 

Proof. By Lemma 5.1.2, (5.3.2) holds where are the Fourier coefficients 
of (-l)("+^)/V(r) = (-l)(''+^)/^(rG(r))2sin2r. We will follow the strategy 
outlined below Lemma 5.1.4 to compute these Fourier coefficients. 

TG(r) = sinr#J-#G(r) = 



dr sin r dr " sin" (r/2) ' 



and 
(5.3.3) 



/(r) = sin«-V(TG(r))2 = C^os>/2) , C'^ > 0. 

Now if z = e*'', 

, -|^(n+l)/2 ( COs(r/2)Y 

^ ^ \sm{r/2)J 



„+l /i + ^xn+l 



Lemma 5.3.2. For fixed n, let p{k) be the coefficients defined by 

1 I °° 
1±|) = ^pik)z\ 
^ k=0 
Then p{k) > for all k. Moreover for k > n + 1, 

(5.3.4) p{k) = Qnk" + a„_2A;"~^ + • • • + aik, where aj > for all j. 
Proof. 

1 ^{k + l)ik + 2)...{k + n) 



y 

fe=o 

n+l 

' ' ' I 



-Z 



(i+^)"+'=e("; ) 



z 
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Since the coefficients of both of these power series are positive, so are the 
coefficients p{k) in the product. Moreover when k > n + 1, p{k) is equal to 

n+l 



e=o ^ ^ j=i 

(n+l)/2 / n-e n-e 



£=0 ^ ' \j=l-^ j=l-^ 

but since n is odd, 

n-l. n-e 

n (^+-?') + n (^-■^■) 

j=i-e j=i-e 
is a polynomial having the form given in (5.3.4). □ 

Now we see that when z = e*^, 

cos2(r/2) = j = i(z + 2 + z-i), 

so that 

cos2(r/2) = + + + 



and 

n+l 

(_l)(»+i)/2cos2(r/2) 



cos(r/2) \ ' 



sm r/ 



fc=0 fc=0 

+ \(^P{0) + f2{p{k)+p{k-l))-z'^ 

oc 

= c(0) + Y,cik)iz'' + z^). 



k=l 



Now let us examine the coefficient c{k) for large k. 
c{k) = + p{k-l)) 

= ^(ank"- + an-2k'''''^ -\ h aiA; 

+ an{k - 1)" + a„^2(fc - 1)""^ + • • • + ai(fe - 1)) 
= bnk'' + bn-ik''-^ + --- + bo 
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where 

bn > n odd, 



bn < n even. 

Now for every A; > 0, set 

e{k) = -bn-ik""-^ -bn-zk""-^ 6o 

so that e{k) is positive. Then 

(-l)("+^)/2cos^(^/2) {^^^y - c(0) + e(0) 

oo 

+ Y^{c{k) + e{k)){z^ + z^) 
k=l 

and (-l)("+^)/Vfe = C'^{c(.k) + e{k)) > 0. □ 

6. Saddle points for det'A 

In this section we show that the (4m + 3)-sphcrc with m = 1, 2, . . . , is a 
saddle point for F under conformal deformations, by proving Lemma 1.3.12 
which states that if n > 3 is odd and 4> ^ ^2, then 

(6.1.1) + f ^^^^ - (j!::i^TR<t>uA-'<t>,,A-' 

2(n-2)(-2 + (n-2)(n + l)E-=2 j) f , 

= 7 T\ / ^ '^l^n- 

[n — ijn Jgn 

The left side of (6.1.1) is Hess F{2(pgQ,2(f)gQ). The space Hk has dimension 
(/c + 1)(A: + 2) . . . (A: + n - 2)(2fe + n - 1) 

' = ^^^T)^ 

and the eigenvalue of A on Hk is 

Afc = k{k + n — 1). 
Write Zn{s) for the zeta function 

oo 

Z{s) = ^d,A7^ 

3=1 

defined via analytic continuation for 3?s < n/2. 

Define A^^ to be the eigenvalues of Aq ^, so that 

J_ ^ f -Z(l), k = 0, 

Afe ~ I 1/Afc, k>l. 
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(We do not rule out the possibility that Z{1) = 0.) Define the measure di^n on 
[-1,1] by 

aun[t) - ^[i t) at, 2"-l(((n-l)/2)!)2• 

The normalization ensures that 1, 1]) = 1. Fix n, and for A; = 0, 1, 2, ... , 
let Pk{t) be the orthogonal polynomials on [—1, 1] with respect to this measure 
normalized so that ^ 

j ^Pl{t)dUn{t) = 4- 

These are eigenfunctions for 

A„ = -(l-t2)l-(n/2)|(i_^2^n/2|_ 

The orthogonal projection 11^ of L'^{S^) onto Tik has kernel K{x, y) = P]^{x-y). 
To prove Lemma 1.3.12, we just have to check that (6.1.1) holds for some 
(p € 7^2- Fix a point xq G 5" and set 

(6.1.2) ^{x) = -^P2{x,xq) so that 

A I \ TD I \ / J2 , d2 n(n + 3) 

4>kk{x) = Pn,2{x,Xo), J (j) dHn = ^= _^ -^^2 " 

From this wc can calculate the first term in (6.1.1), and Lemma 1.3.12 follows 
if we show that 

(„+3)(«2 + „-4-4(«+i)Ej;ii) 

(0.1.3) TR0,.A-'feA-' = 4(„-3)(„ + l)^ 

Now 

trace ^jjllfc^jjll^ = / (j)ii{x)Pk{x ■ y)(j)jj{y)Pe{x ■ y) dund^n 
JS"xS" 

= / P2{x-xo)Pkix-y)P2iy,-xo)Pe{x-y)dnndnn- 

By symmetry this does not depend on xq and we can average over xq G S"* to 
obtain 

/ P2{x ■ y)Pk{x ■ y)Pt{x ■ y) dundun = / P2PkPi dun- 
JS"xS" J-1 

Set p = (n — l)/2, and B = +p'^ which has eigenvalue {j +p)^ on Hj, and 
set 



(6.1.4) Cij,m,£) = j'^PjPj+n^Pedun, F{j,m,^ 



C{j,m,i) 
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Then 
(6.1.5) 



TR0fefeA-Vjj-A-^ = trace <^jkfcA-i5^/20j-jA-i|"^'Q 

E°° trace (f)iiUj(j)uIlk , . , , 
rr^ (j +P) 



Ao •^s 

\ j=i j=i 



2=0 



2=0 

oo 



+ ^F(j,-2,2)(i+p)^ 



J=3 



2=0 



Ao ''^s 



+ ^F(i,0,2) + X^F(i,2,2) 



i=i 



+ 0, 2) + F(j, 2, 2) + F(j, -2, 2))(j + p)^ 

j=3 



2=0 



The final sum in (6.1.5) and the quantity I/Aq = Z{1) both involve a zeta 
regularization. In order to evaluate these two quantities we make use of the 
following lemma. 



Lemma 6.1.1. Suppose that G is an even polynomial; that is, G{—j) 
G{j), and i > 1. Then 

l<j<oo 



J 



G(0) ^ G(£) G'{t) 



2^2 



4^2 



21 



Proof. Set 



m = 



GO)-G(^) 
— 

G'(i) 

2^ 



3 



2 -€2_ 



Then is an even polynomial and since ({—2k) = for A; = 1, 2, . . . , and 
^(0) = -1/2, we see that 



mer oo dcgH 



EE 



^=0 j=i k=0 
degH 



i7(2fc)(o) . 

~(2ky. 



-J 



2k+z 



2=0 



E 

fe=0 



i7(2fc)(0) 

~(2fc)r 



C(-2A:) 



ff(0) _ G(0) G(^) 
2 ~ 
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Hence 
(6.1.6) 

V GU) . G'je) ^ 

3=1 •' i=^+l 



G{j) 



2=0 



G(0) ^ 3G(^) 



2^2 4^2 • 

Prom Lemma 6.1.1, we get the following. 



□ 



Lemma 6.1.2. 



1 1 

Z{1) = —T-. 



Proof. As before, set p = (n — 1)/2, and B = A^+p^ which has eigenvalue 
(i on Hj. Using the canonical trace, we have 



Z{1) = TRA-'B^IX:,= Y.t^J+P) 



z=0 



(n-1)!^ ^-^^^^ 



^-2 _ „2 



2=0 



(n — 1)! .■' — 7^ — p 
Now, applying Lemma 6.1.1 with 1 = j) and 



2=0 



p-1 



fe=0 



we find that 



= 

G{j>) = 1, 



2i(i-p + i)---(i+p-i) 

(n-\)\ 

for |j| < 



n-i ^ ^ 
^-^ 7 n — 1 
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and so 



j=p+l • 



Gip) G'ip) 



z=0 



4p2 



2p 



n 



1 1 

— T-. 

_ 1 j 



□ 



Prom Lemma 6.1.2, we can compute the first term in (6.1.5) and get 

(Q17) = ^(n + 3) 1 

^' A0A2 2(n-l)(n + l)^^i- 

To compute tlie otlier terms in (6.1.5), standard techniques give the recurrence 
relation 

_fc + l , fc + n-2 ^ 

2A; + n + l 2fe + ra — 3 

Prom this it can be deduced that 

P2{t) = ^(n + 3)((n + l)x2-l), 

and the Hnearization coefficients defined in (6.1.4), are computed as in [V, 

9.11.6]: 

(6.1.8) 

C(i,0,2) = ^-±^(j)...(j+p-2)ij+p)\j + 2)...ij + n-l) j>0, 
C(i,2,2) = ^""tin-if (j + 1) • • • (j + P) (j + P + 2) • • • (i + n) , j>0, 
C{j,-2,2) = (Jl+^^{j-l)...{j+p-2){j+p)...{j + n-2), j>2. 
Hence 
(6.1.9) 

^/ N x-^ ^/ N n + 1 (n — l)n(n + 3)^ 

Fj,0,2 + ^F0,2,2 = + \ ^ 

._ ^ n 4(n + l)"'(n + 5) 



i=i 3=1 

(n + l)2 n(n + l)(n + 2) 
^ 6(n + 2) ^ 32(n + 5) 

We use Lemma 6.1.1 to compute the final sum in (6.1.5). First we write this 
term in the form 



(6.1.10) J2 (^(■?' - 0, 2) + F{j - p, 2, 2) + F{j - p, -2, 2))f 

j=P+3 



2=0 
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Using the formulas for the hnearization coefficients we get 
(6.1.11) 

F{j - p, 0, 2) + F{j - p, 2, 2) + F{j - p, -2, 2) 
^ n + 3 f 2pij -p)...{j- 2)f{j + 2)...{j+p) 

2(n-i)!v u-pru+pr 

{p + l)(j -P + 1) • ■■iij + 2)...{j+p+l) 



+ 



+ 



{j - P) {j +P){j-P + 2) {j+P + 2) 
{p+l){j-p- 1) ... (i - 2)i . . . (i +p - 1) 



(j - P) U +P)U-P- 2) {j+p- 2) 
n + 3 {j -p+l)...{j+p-l) 



(n - 1)! (j - p)ij +p){j-p- 2){j +p-2){j -p + 2){j+p + 2) 
where 



mj) 



9 n(n + 3)2 „ 
Q{j) = nj^ - ^ , ^ +8. 



Writing 



r? -I- 3 

G(i) = -^^^{j-p+i){j-p+^)...{j+p-m+p-^)jQ{3), 

we see that (6.1.10) equals 



^-Its (j^-P^)(j^-(p + 2)2) 



G(i) >^ G{j) 



(P + 2)' - V,.^3 (j' - (P + 2)2) .i;^3 (j2 - p2) ; ' 

to which we can apply Lemma 6.1.1. Using the fact that G{j) = for < j < 
p — 3 and j = p — 1, we find that (6.1.10) equals 

1 f G{p-2) G{p) G{p + 1) 

4{p+l)\ (p-2)2-(p + 2)2 (p2_(p + 2)2) (p+l)2_(p + 2)2 

Gip + 2) _ G'{p + 2) G{p 2) Gb + 1) 



4(^?+2)2 2(p+2) (p-2)2-p2 (p+l)2_p2 

G{p + 2) G{p) , G'(p)^ 



+ 



{p + 2f-p^ Ap'^ 2p 
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We evaluate this using the values 

_ 2(n + l)(n + 3) _ (n + 3)(n2 + n - 4) 

_!)(„_ 3) ' - 2(n-3) 

+ _(li±l)(li+M!i±i), c(. + 2) ^ 

(n - l)n(n + 3) 
4(n - 3) 

(n + 3)(n2 + n-4) 



w/ .^ n(n + 3)2 /:^^ 1 1 1 




2(ra - 1) \ ^ j 4 n n + S 

and we find that (6.1.7), (6.1.9) and (6.1.10) sum to the right-hand side 
of (6.1.3). 
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